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Appendix

Appendix 1 - Further details on the numerical simulation

Downsian (1957) speci�cation ( = 0). Under the Downsian (1957) speci�cation, candidates seek to
solely maximize their probability of winning the election. By setting both  = 0 and � = 0, we obtain the
original model and result proposed by Downs in that each candidate maximizes his probability of winning
the election by positioning himself at exactly the median voter. For values of � > 0, campaign contributions
also determine the probability of winning the election, and our results are presented in �gure A1 below.
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Figure A1. Downsian speci�cation with � = 0 and � > 0, respectively.

Figure A1(a) plots the results in the original Downsian (1957) model since � = 0. The best response for
either candidate i is to position himself " > 0 closer towards the median voter relative to his opponent.
This behavior continues until both candidates converge at the median voter and have even odds of winning
the election. In �gure A1(b), we have the Downsian speci�cation of our model where � > 0. Similar to
the Downsian model, our model has every consumer i positions himself closer to the median voter�s ideal
position than his opponent, where the best response is to position " > 0 closer to the median voter for
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positions near the median voter. As candidate i�s opponent deviates signi�cantly from the median voter�s
ideal policy position, however, candidate i�s best response is now to increase the distance between his own
position and that of his opponent (�atter best response function when xj is either high or low). Intuitively,
at the more extreme points of the best response function, the ability to increase his probability of winning
by targeting voter preferences diminishes quickly due to the concavity of the probability function.1

The equilibrium results of the original Downsian model and the Downsian speci�cation of our model remain
the same. Thus, the only Nash equilibrium we �nd is x�i = x

�
j = m, the location of the median voter, and

k�i = k�j = l�i = l�j = 0, as no donor has any incentive to donate to either candidate. Intuitively, in the
Downsian speci�cation of our model, as candidates approach the median voter donations to each candidate
e¤ectively disappear. Every candidate has incentive to position at the median voter to maximize his vote
share, as well as incentive to deny campaign contributions to his opponent, as described in corollary 4.
Furthermore, lowering c, the marginal cost of donations only exacerbates this e¤ect.

Wittman (1983) speci�cation ( = 1). In the Wittman (1983) speci�cation, instead of maximizing the
probability of winning the election, every candidate i maximizes his expected policy outcome. As a result,
candidates position themselves closer to their ideal policy position rather than the median voter�s ideal (as
in the Downsian (1957) model). When we set  = 1 and � = 0, we can obtain both the original model and
results as presented by Wittman. Allowing for donations to a¤ect the probability of winning the election
(� > 0), we obtain the results in �gure A2.
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Figure A2. Wittman speci�cation with � = 0 and � > 0, respectively.

In �gure A2(a), we have the original Wittman (1983) model where � = 0. Every candidate i positions
himself close to his ideal policy position, i.e., the best response function xi(xj) lies close to x̂i. As candidate
j positions himself closer to the median voter, candidate i responds by increasing his own policy position, but
at a much slower rate than seen in the Downsian (1957) speci�cation (�atter best response function). This
leads to an equilibrium where candidate policy positions diverge from the median voter and from their own
ideal policies. Figure A2(b) contains the Wittman speci�cation of our model where � > 0. The key di¤erence
between the two models happens when xj is relatively high. In this case, the best response of candidate
i is to remain even closer to his own ideal policy position since candidate j positions himself signi�cantly
above the median voter; see �at segment in the right-hand side of xi(xj). The intuition is similar to that of
the Downsian speci�cation, as candidate i receives a larger bene�t from campaign contributions rather than
targeting voter preferences when his opponent positions himself at extreme locations.
The location of our equilibrium under the Wittman (1983) speci�cation with donations can vary relative
to the equilibrium of Wittman�s model, itself. Intuitively, by introducing donations we both lower voter

1At these parts of the best response function, candidate i obtains a higher probability of winning the election by distancing
himself from his opponent and enabling donors to contribute to his own campaign (as donors will contribute approximately
zero when candidates position next to one another).
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sensitivity, and introduce bias for whichever candidate receives more donations, as described in Wittman�s
(1983) paper. We can reproduce Wittman�s results by setting an inverse relationship between Wittman�s
voter sensitivity parameter s and our donation e¤ectiveness parameter, �; and a proportional relationship
between Wittman�s bias parameter B and a combination of our � and N(D�

i �D
�
j ) terms.

2 As � increases,
voter sensitivity decreases, which causes candidates to move closer to their own ideal policy positions; and
the bias increases in magnitude, which causes candidates to move towards whichever candidate the bias
favors.3

As the marginal cost of donations, c, decreases, donors contribute more to their preferred candidates. This
in�ux of donations causes both candidates to position closer to each other, since each candidate is able to
deny donations to his opponent; as explained in corollary 4. Due to the concavity of the donors�utility
functions, having a candidate that is positioned farther away from the donor move closer entails a much
larger increase in utility than having a candidate that is close to the donor move away. Thus, candidate i
can signi�cantly reduce the donations that candidate j receives by moving slightly closer to candidate j�s
policy position while only experiencing a slight decrease in the amount of donations that he receives.4

In summary, when the marginal cost of donations, c, is su¢ ciently high c > cw (low c < cw), our results
predict less (more) convergence than in Wittman�s model.5 When � = 0 (as in the original Wittman model),
candidates position between their own ideal policy positions and the ideal policy position of the median
voter. As � increases, candidates put less weight on the location of the median voter�s ideal policy and
more weight on the source of the bias, the donors� ideal policy position. At the extreme case of � = 1,
candidates disregard the median voter�s ideal policy position entirely when they receive donations, and
position themselves between their own ideal position and the midpoint of the donors�ideal policies, d̂k+d̂l2 .
Other e¤ects are similar to those described in Wittman (1983). If the ideal policy position of either candidate
increases (decreases), both candidates increase (decrease) their equilibrium policy position.6 Intuitively, if
candidate j�s ideal policy position increases, he positions closer to it, which induces candidate i to increase
his own policy position to receive more votes and to deny candidate j additional donations. Likewise, if
either donor increases (decreases) his most preferred policy position, both candidates increase (decrease)
their equilibrium policy position.7

Mixed speci�cation (0 <  < 1). Using a mixed speci�cation, we obtain results that fall between the
Downsian (1957) and Wittman (1983) speci�cations. When  is low ( < 0:655 in our example), we �nd that
policy convergence at the median voter occurs. For values of  above this threshold, policy positions diverge
until they reach those at the Wittman (1983) speci�cation when  = 1. Interestingly, the best response
functions for both candidates show properties of both the Downsian and Wittman models as shown in �gure

2Term N(D�
i �D

�
j ) is our normally distributed contribution to the probability that candidate i wins the election based on

their received donations.
3As described in propositions 3B and 4B in Wittman�s (1983) paper. The net e¤ect of an increase in � is ambiguous, as it

strongly depends on the symmetry of ideal policy positions, but in general, as � increases, candidates have stronger incentives
to deny donations to their opponent by moving closer to one another; as described in Corollary 4.

4We also �nd that for every cost c < �c, no Nash equilibrium exists. Intuitively, as donations become extremely cheap,
candidate behavior becomes erratic. Candidates receive large donations for even small deviations from their current positions,
and constantly vie for the most donations from their respective donors. This causes no equilibrium to emerge. As a note, for
large donations, the concavity property of our normal distribution also breaks down, which could be driving this result.

5 In our numerical analysis,  = 1, � = 0:5, w = 0, � = � = 2, d̂k = 0:2, d̂l = 0:8, x̂i = 0:3, x̂j = 0:7, � = 0:5, we obtain that
for the value of cw = 0:053, the Wittman model and the Wittman speci�cation of our model yield the same equilibrium policy
positions for both candidates.

6This includes extreme cases where candidates�ideal policies are at the endpoints of the policy line, x̂i = 0 and x̂j = 1.
7Once again, this also holds for extreme ideal policies, x̂k = 0 and x̂l = 1.
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A3. Their behavior depends on each candidate�s location relative to their ideal position.
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Figure A3. Mixed speci�cation with x̂i < m < x̂j for low and high values of .

Without loss of generality, when candidate i prefers a lower policy position than the median voter and
candidate j prefers a higher policy position than the median voter, i.e., x̂i < m < x̂j , for low values of xj ,
candidate i�s best response is to target the voters consistent with the Downsian model as seen in �gure A3(a),
and he positions himself " > 0 closer to the median voter than candidate j. This occurs up until a policy
point above the median voter, where candidate i no longer increases his position in response to an increase
in candidate j�s position. At this point, candidate i�s expected policy payo¤ dominates his preference to
maximize his probability of winning the election, and he behaves more in line with the Wittman model.
An analogous argument applies for candidate j�s best response to candidate i�s position. In this case, both
candidates position themselves at exactly the median voter in equilibrium, and policy convergence occurs.
In equilibrium, neither donor contributes to either candidate�s campaign, and the election is decided by a
coin �ip.
In �gure A3(b), we have the case where  is large enough to induce policy diversion. The major di¤erence
in this case is that both candidates shift from maximizing their probability of winning the election to
maximizing their expected policy payo¤ at a position below (above for candidate j) the median voter. This
leads to behavior more in line with the Wittman speci�cation rather than the Downsian, where a single Nash
equilibrium in pure strategies exists where candidates select di¤erent policy positions, ones that are closer
to their most ideal position.
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Appendix 2 - Comparing candidate positions against donor�s ideals
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Figure A4. Equilibrium candidate positions as a function of c and � when  = 1.

Figure A4(a) plots candidate equilibrium position as a function of the marginal cost of donations, c. Starting
from the right side of the �gure, when c is large, every candidate receives fewer donations and has little
incentive to position closer to his opponent in order to deny him of those donations. As a result, policy
divergence is higher with large values of c. As c decreases, each candidate positions closer to his rival, as
he has strong incentives to deny his rival of the additional donations that are available due to the reduced
marginal cost.
Figure A4(b) depicts candidate equilibrium position as a function of the e¤ectiveness of donations, �. In
this �gure, candidate i has an ideal policy position closer to the midpoint between the donors�ideal policy
position (donors are slightly asymmetric towards candidate i), and thus, candidate i responds quickly to
an increase in � by moving closer to his own ideal policy position. Candidate j follows at a slower rate,
increasing policy divergence for low values of �. As � increases further, candidate i responds less to further
increases (his line becomes �atter), and candidate j is able to deny more donations to his rival. For high
values of �, we observe decreased policy divergence.

Appendix 3 - Candidate positions with donation constraints

For parameter values of d̂k = 0:2, d̂l = 0:8, x̂i = 0:3, x̂j = 0:7, � = 0:5, � = 0:5, and a = � = 2, the following
results were obtained:

Equilibrium Values (x�i ; x
�
j )

�k = �l c = 0:01 c = 0:02 c = 0:03
0:8 (0:346; 0:654) (0:346; 0:654) (0:346; 0:654)
0:9 (0:346; 0:654) (0:346; 0:654) �
1:2 (0:346; 0:654) (0:346; 0:654) �
1:3 (0:346; 0:654) (0:346; 0:654) (0:387; 0:613)
1:5 (0:346; 0:654) (0:346; 0:654) (0:387; 0:613)
1:6 (0:346; 0:654) � (0:387; 0:613)
2:1 (0:346; 0:654) � (0:387; 0:613)
2:2 � � (0:387; 0:613)
2:5 � � (0:387; 0:613)
2:6 � (0:398; 0:602) (0:387; 0:613)
4:1 � (0:398; 0:602) (0:387; 0:613)
4:2 (0:422; 0:578) (0:398; 0:602) (0:387; 0:613)
10 (0:422; 0:578) (0:398; 0:602) (0:387; 0:613)

For c = 0:01, the low marginal cost of donation allows donors to contribute large donations to their respective
candidates. When donation constraints are set low, �k < k1 = 2:1 in this case, candidates behave as if no
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donations are received and position themselves at (x�i ; x
�
j ) = (0:346; 0:654). For values of k1 < �k < k2 = 4:2,

no equilibrium exists, as candidates leverage constraints on their opponents to position closer to their own
ideal policy positions. Lastly, when �k > k2, candidates act as if they were unconstrained and position at
(x�i ; x

�
j ) = (0:422; 0:578).

As we increase c to 0:02 or 0:03, we �nd that the values of k1 and k2 decrease. For example, when c = 0:02, the
higher marginal cost of donations causes donors to reduce their contribution levels, and thus the breakpoints
for each scenario must also decrease. We �nd that k1 = 1:5 and k2 = 2:6 when c = 0:02; and k1 = 0:9
and k2 = 1:3 when c = 0:03. Of note, the fully constrained equilibrium does not change when �k < k1
regardless of the value of c since candidates behave as if they receive no contributions, but as c decreases,
the unconstrained equilibria show reduced policy divergence.

Appendix 4 - Public Funding Numerical Results

The presence of public funding in our model behaves qualitatively similar to adding an asymmetry. For
example, when  is low (as in the Downsian Speci�cation), equal public funding levels among candidates
retains our equilibrium at the median voter. For even small public funding donation advantages, however,
we arrive at situations where no equilibrium in pure strategies exists, much like the cases described in the
asymmetry section.
In contrast, when  is high (as in the Wittman Speci�cation), a public funding advantage does not prevent
the emergence of an equilibrium in pure strategies. Under these conditions, both candidates again behave
as if an asymmetry were present, positioning closer to the candidate with the public funding advantage, the
results of which are shown below in �gure A2.
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Figure A5. Equilibrium candidate positions as a function of Fi and � when  = 1.

Figure A5(a) depicts candidate equilibrium positions as a function of Fi while Fj is held constant at 0:5
and � is held constant at 0:5. For comparison purposes, we denote point �xi as candidate i�s equilibrium
policy position without public funding. As seen in the �gure, for values of Fi < 0:5, equilibrium positions
are skewed upward, towards candidate j�s ideal. As Fi increases, however, the skewness at �rst disappears at
Fi = Fj = 0:5, and then becomes skewed downward as Fi increases further above 0:5. Figure A5(b) depicts
candidate equilibrium positions as a function of � with F1 = 0:8 and F2 = 0:5. In this situation, we again
observe the increased policy convergence as � increases, as seen in �gure 7b (as an increase in � increases the
e¤ect of private, as well as public donations). However, we do observe an asymmetry in favor of candidate i,
due to their advantage in public funding. As � increases, candidates shift their priorities from the voters to
the donors, but candidate i�s public donation advantage also shifts both candidates more towards candidate
i�s ideal policy.
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Proof of Proposition 1

Lemma A. Donor k�s equilibrium donation to candidate i, ki, solves

dpi
dDi

h
uk(xi; d̂k)� uk(xj ; d̂k)

i
� c (A1)

Intuitively, donor k increases his contribution ki until his marginal bene�t from further donations (left-hand
side of equation (A1)) coincides with his marginal cost (right-hand side of (A1)). Note that the marginal
bene�t captures the additional probability that candidate i wins the election thanks to larger donation,
dpi
dDi

� 0, and the utility gain that donor k obtains when candidate i wins the election to candidate j,

uk(xi; d̂k)�uk(xj ; d̂k). Needless to say, if donor k prefers candidate j winning the election then uk(xi; d̂k) <
uk(xj ; d̂k), and the left-hand side becomes unambiguously negative, ultimately yielding a corner solution
where donor k does not contribute to candidate i�s campaign in equilibrium. This result suggests that ever
donor k will only contribute to the candidate yielding the highest utility; as we prove in the next lemma.

Lemma B. In equilibrium, every donor k contributes to one candidate at most.

Proof : Assume that donor k contributes to both candidates A and B, i.e., ki; kj > 0 and thus equation (A1)
binds with equality for candidates i and j, i.e.,

dp

dDi
[uk(xi)� uk(xj)] = 1 (A2)

dp

dDj
[uk(xi)� uk(xj)] = 1 (A3)

Setting equations (A2) and (A3) equal to one another and simplifying yields

dp

dDi
=

dp

dDj
(A4)

which cannot hold, since the left side of equation (A4) is positive, while the right side is negative. Therefore,
donor k�s contribution to at least one of the candidates must equal zero. �

Intuitively, if donor k contributes to candidate i, he does so to increase the probability that candidate i wins
the election. On the contrary, any contribution that donor k makes to the other candidate j 6= i lowers the
probability that candidate i wins the election. Thus, contributions to both candidates are counterproductive,
and every donor k only donates to the candidate whose policy position yields him the highest utility level.8

As a remark, note that if both policy positions yield the same utility for donor k, uk(xi; d̂k) = uk(xj ; d̂k) then
his marginal bene�t of contributing to candidate i (left-hand side of (2)) becomes nil, inducing no donations
to either candidate, i.e., k�i = 0 for all i.

Lemmas A and B allow us to characterize the solution of the second stage of the game into several cases, as
detailed in Proposition 1.�

Proof of Corollary 1

First, we show that dk
�
i

dli
= �1. Di¤erentiating equation (2) with respect to li yields

(�)z }| {
d2p

dDi2

�
dk�i
dli

+ 1

� (+)z }| {
[uk(xi)� uk(xj)] = 0

where the only value that can satisfy the above equation is dk�i
dli

= �1.
8From disclosure website opensecrets.org, data obtained suggests that no major super PAC supports multiple candidates in

the same election. This holds true for several elections, dating back to before 2008.
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Next, we show that dkidlj
> 0. Using equation (2) with respect to k�i and l

�
j , we have

dp

dDi
[uk(xi)� uk(xj)] = 1

dp

dDj
[ul(xi)� ul(xj)] = 1

Setting these two equations equal to one another and rearranging terms yields

dp

dDi
[uk(xi)� uk(xj)]�

dp

dDj
[ul(xi)� ul(xj)] = 0

Using the implicit function theorem,

dki
dlj

=

(+)z}|{
d2p

dD2
j

(�)z }| {
[ul(xi)� ul(xj)]

d2p

dD2
i|{z}

(�)

[uk(xi)� uk(xj)]| {z }
(+)

> 0

where the signs of uk(xi) � uk(xj) and ul(xi) � ul(xj) are by de�nition and the signs of d2p
dD2

i
and d2p

dD2
j
are

due to the concavity and convexity, respectively of Di and Dj on p. �

Proof of Corollary 2

Di¤erentiating equation (2) with respect to xi and xj yields

(�)z }| {
d2p

dDi2
dk�i
dxi

(+)z }| {
[uk(xi)� uk(xj)]+

(+)z}|{
dp

dDi

duk(xi)

dxi
= 0 (A4)

d2p

dDi2| {z }
(�)

dk�i
dxj

[uk(xi)� uk(xj)]| {z }
(�)

� dp

dDi|{z}
(+)

duk(xj)

dxj
= 0 (A5)

Since the probability that candidate i wins the election is increasing and concave, we know that dp
dDi

> 0

and d2p
dD2

i
< 0. Likewise, if donor k is contributing to candidate i, uk(xi) � uk(xj) > 0. The sign of duk(xi)dxi�

duk(xi)
dxj

�
can be determined by candidate i�s (j�s) position relative to donor k�s ideal position. If xi < xk

(xj < xk), an increase in candidate i�s (j�s) policy position will entail an increase in the utility that donor

k receives from that position, and thus duk(xi)
dxi

> 0
�
duk(xi)
dxj

> 0
�
. On the contrary, if xi > xk (xj > xk),

an increase in candidate i�s (j�s) policy position will entail an decrease in the utility that donor k receives

from that position, and thus duk(xi)
dxi

< 0
�
duk(xi)
dxj

< 0
�
. This leaves dk�i

dxi

�
dk�i
dxj

�
as the only unknown sign

in the above equation. In order for the equation to hold with equality, it is necessary that dk�i
dxi

�
dk�i
dxj

�
have

the same (opposite) sign as duk(xi)
dxi

�
duk(xi)
dxj

�
, i.e., dk

�
i

dxi
> 0

�
dk�i
dxj

< 0
�
if xi < xk (xj < xk) and

dk�i
dxi

< 0�
dk�i
dxj

> 0
�
if xi > xk (xj > xk, respectively).�

Proof of Lemma 2

Equilibrium location pairs (x�i ; x
�
j ) must satisfy equation (4) for both candidates, which will depend on

the signs of each term in those equations. Unambiguously, we know that dpi
dDi

> 0, since by assumption, if
candidate i receives more donations from either candidate, their subjective probability of winning the election
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will increase. Likewise, we have dpi
dDj

< 0, as an increase in the amount of donations received by candidate
j 6= i causes candidate i�s subjective probability to decrease. As shown in Corollary 1, when the subjective
probability that candidate i wins the election is concave and xi < minfx̂i; x̂j ; d̂k; d̂l;mg, we have that dk

�
i

dxi
> 0,

dk�i
dxj

< 0, dl
�
i

dxi
> 0, and dl�i

dxj
< 0. In addition, since xi < x̂i, an increase in candidate i�s position increases the

utility he receives if he wins the election, thus dvi(xi)
dxi

> 0. Due to these relationships, the left-hand side of

equation (4) is positive, and thus, it cannot hold with equality. Thus, any xi < minfx̂i; x̂j ; d̂k; d̂l;mg cannot
be a solution to stage 1. A similar approach when xi > maxfx̂i; x̂j ; d̂k; d̂l;mg shows that the left-hand side
of equation (3) is unambiguously negative and also cannot solve equation (4).
When xi = minfx̂i; x̂j ; d̂k; d̂l;mg (xi = maxfx̂i; x̂j ; d̂k; d̂l;mg), a similar situation occurs. All signs de-
scribed in the previous paragraph are identical except for the sign that corresponds withminfx̂i; x̂j ; d̂k; d̂l;mg
(maxfx̂i; x̂j ; d̂k; d̂l;mg). This term is equal to zero, as candidate i is either receiving the most possible subjec-
tive probability contribution by positioning himself at the median voter,the most possible utility by position-
ing at his own ideal policy, or the most possible donations from the donor with the lower (higher) ideal policy
position by positioning at his most preferred policy position. The outcome is the same where the left side of
equation (4) is unambiguously positive (negative), and cannot be satis�ed when xi = minfx̂i; x̂j ; d̂k; d̂l;mg
(xi = maxfx̂i; x̂j ; d̂k; d̂l;mg, respectively). �

Proof of Corollary 4

We can show the e¤ect of an increase of candidate i�s policy position, xi, graphically below in �gure A3,

dk dlxi xi

Δuk(xi)

Δul(xi)

0 1

ul(xi;	dl) uk(xi;	dk)

Figure A3. Donor utility functions.

As seen in the above �gure, when candidate i moves from position xi to position x0i the decrease in utility
to donor k, �uk(xi) is much less than the gain in utility to donor l, �ul(xi). Holding all other values
of equation (2) constant, the resulting increase in candidate i�s policy position requires both equilibrium
donation levels to decrease, but that for donor l to decrease by a larger amount. �

Proof of Lemma 3

Let x1 = f1(x2) and x2 = f2(x1) be two continuous functions of the argument x1 and x2 each having domain
[a; b] where a; b 2 [0; 1] and range [0; 1]. An equilibrium is de�ned by solving the two equations simultaneously
for the solution x�1 and x

�
2. The solution can be characterized via substitution as x

�
1 = f1 � f2(x�1) = f(x�1)

and x�2 = f2(x
�
1), where the composite function f = f1 � f2 is also continuous.

De�ne an equally-spaced grid on the domain consisting of n+ 1 points, as

G =
�
a; a+

b� a
n

; a+
2(b� a)
n

; :::; b

�
for all i = 1; 2:
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De�ne piecewise linear approximations to the composite function f = f1 � f2 as

f̂(x) =
nX
k=1

�
f(xk) + (x� xk)

f(xk+1)� f(xk)
xk+1 � xk

�
I[xk;xk+1)(x) + f(xn+1)Ifn+1g(x)

where IA(x) is an indicator function taking values IA(x) = 1 if x 2 A and IA(x) = 0 if x =2 A.
For compactness, de�ne �k;k+1 � f(xk+1)�f(xk)

xk+1�xk . Let x̂�1 represent the linear piecewise-approximated equi-

librium value that solves x̂�1 = f̂(x̂�1), i.e., a �xed point of the above piecewise linear approximation f̂(x).
Then, either x̂�1 = 1 if f̂(1) = f(1) = 1, or else x̂

�
1 = f̂(x̂

�
1) for all x̂

�
1 2 [xk; xk+1). We can rewrite the last

expression as x̂�1 � f̂(x̂�1) = 0 which, by the de�nition of f̂(x), expands as follows

x̂�1 � f̂(x̂�1) = x̂�1 � (f(xk) + (x̂
�
1 � xk)�k;k+1)| {z }
f̂(x̂�1)

= 0 for all x̂�1 2 [xk; xk+1). (A6)

We now focus on term (x̂�1 � xk)�k;k+1 of expression (A6). Note that, upon letting the number of equally
spaced grid points in the [a; b] interval increase without bound, i.e., n ! 1, it follows that xk+1 ! x+k ,
yielding

lim
xk+1!x+k

(x̂�1 � xk)�k;k+1

= lim
xk+1!x+k

(x̂�1 � xk)� lim
xk+1!x+k

f(xk+1)� f(xk)
xk+1 � xk

= 0� df

dx

����
x+k

= 0

where df
dx

���
x+k

is the derivative of f or the subgradient of f from the right. Using this result in expression

(A6), it follows that, in the limit as n!1,

x̂�1 � f̂(x̂�1) = x̂�1 � [f(xk) + 0] = 0

and the approximate and exact equilibriums converge. �
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