
EconS 503 - Microeconomic Theory II
Homework #1 - Answer Key

1. Exercise 8.2 in Advanced Microeconomic Theory, MIT Press. [A NE which survives
IDSDS] Consider the two-player game in the following payo¤matrix, where ai 6= bi 6=
ci 6= di for every player i = f1; 2g. If the game has a unique pure strategy Nash
equilibrium (psNE), show that it must be the unique strategy pro�le that survives
IDSDS.

Player 2
sA2 sB2

Player 1 sA1 a1, a2 c1, c2
sB1 b1, b2 d1, d2

� Assume without loss of generality that strategy pro�le (sA1 ; sA2 ) is the unique psNE.
Then, two things must simultaneously hold:

�First, because (sA1 ; s
A
2 ) is a Nash equilibrium and no two payo¤s are the same

for each player then we must have that sA1 is a best response for player 1, i.e.,
a1 > b1, and sA2 is a best response for player 2, i.e., a2 > c2.

� Second, because (sB1 ; s
B
2 ) is not a Nash equilibrium then its payo¤pair (d1; d2)

cannot satisfy d1 > c1 and d2 > b2 (Otherwise it would have been another
psNE). Then, c1 > d1 or b2 > d2, or both.

� These two statements imply that either:
� a1 > b1 and c1 > d1, in which case sB1 is strictly dominated by s

A
1 ; or

� a2 > c2 and b2 > d2 in which case sB2 is strictly dominated by s
A
2 .

� This implies that strategy B will be deleted for players 1 and 2, i.e., sB1 and s
B
2 ,

after applying one round of IDSDS (or two rounds, if necessary), thus leaving us
with a unique strategy pro�le, (sA1 ; s

A
2 ), that survives IDSDS.

2. Strict dominant equilibrium and IDSDS. A strategy pro�le sSD =
�
sSD1 ; :::; sSDN

�
is a strictly dominant strategy equilibrium if sSDi is strictly dominant for every player
i 2 N , that is,

ui
�
sSDi ; s�i

�
> ui (si; s�i) for all si 6= sSDi and for all s�i 2 S�i.

(a) Show that if strategy pro�le sSD is a strictly dominant equilibrium, then it must
be unique. [Hint : Use contradiction, by considering another strictly dominant
equilibrium.]

� Consider a game where we found that strategy pro�le sSD is an SDE, but
assume that we �nd another strategy pro�le s1 6= sSD, that is also an SDE
(so there are multiple SDEs). Then, by the de�nition of strict dominance,
every player i must strictly prefer strategy pro�le s1 to sSD, contradicting
that sSD is an SDE (the premise of our proof). We can, then conclude that,
if we can �nd an SDE in a game, it must be unique.
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(b) Show that if strategy pro�le sSD is a strictly dominant equilibrium, then it must
be the only strategy pro�le surviving the iterative deletion of strictly dominated
strategies (IDSDS).

� If s� = (s�1; : : : ; s�N) is a strictly dominant strategy equilibrium then, by def-
inition, for every player i all other strategies si 6= s�i are strictly dominated
by s�i . This implies that after one stage of elimination we will be left with a
single pro�le of strategies, which is exactly s�, and this concludes the proof
(see Tadelis, 2013, p.68).

(c) Show that if a strategy pro�le is the only one surviving IDSDS, it does not need to
coincide with the strict dominant equilibrium. [Hint : An example su¢ ces, where
you provide a game where the strict dominant equilibrium does not exist.]

� Consider the following example,

Player 2
L C R

U 3, 2 5, 1 4, 3
Player 1 M 2, 8 8, 4 3, 6

D 4, 0 4, 6 6, 8

Note that there is no strictly dominant strategy for player 1 and similarly for
player 2. However, the following steps show that there is only one strategy
surviving IDSDS.

� Beginning with player 2, note that his strategy C is strictly dominated by
strategy R, leaving us with the following reduced-form matrix:

Player 2
L R

U 3, 2 4, 3
Player 1 M 2, 8 3, 6

D 4, 0 6, 8

Next, proceeding with player 1, note that his strategyM is strictly dominated
by strategy D, leaving us with the following reduced-form matrix:

Player 2
L R

Player 1 U 3, 2 4, 3
D 4, 0 6, 8

Returning to player 2, note that his strategy L is strictly dominated by strat-
egy R, leaving us with the following reduced-form matrix:

Player 2
R

Player 1 U 4, 3
D 6, 8

2



Lastly, continuing with player 1, note that his strategyU is strictly dominated
by strategy D, leaving us with the following reduced-form matrix:

Player 2
R

Player 1 D 6, 8

such that strategy (D;R) is the only one surviving IDSDS.

3. IDSDS implies IDWDS. Show that if a strategy pro�le s = (s1; s2; :::; sN) survives
IDWDS, it must also survive IDSDS. [Hint : Use contradiction, by considering a strategy
pro�le that, despite surviving IDWDS, violates IDSDS.]

� We start by reproducing the de�nition of IDWDS and IDSDS.
� IDWDS. Strategy pro�le ŝ = (ŝ1; : : : ; ŝN) survives IDWDS if, at any round of
deletion, player i�s strategy ŝi satis�es

ui(ŝi; s�i) � ui (si; s�i)

where ŝi 6= si 2 Si and for all s�i 2 S�i, and satis�es ui(ŝi; s�i) � ui (si; s�i) for
at least one strategy pro�le of player i�s opponents s�i.

� IDSDS. Strategy pro�le s0 = (s01; : : : ; s
0
N) survives IDSDS if, at every round of

deletion, player i�s strategy s0i satis�es

ui(ŝi; s�i) > ui (si; s�i)

where ŝi 6= si 2 Si and for all s�i 2 S�i.
� Operating by contradiction, assume that strategy ŝi survives IDWDS but does not
survive IDSDS. Therefore, there must be another strategy si 6= ŝi that survives
IDSDS, yielding a strictly higher payo¤ than ŝi in at least one round of deletion,
that is,

ui(si; s�i) > ui (ŝi; s�i)

for all s�i 2 S�i, which contradicts the above de�nition of IDWDS. Then, if a
strategy pro�le survives IDWDS, it must also survive IDSDS.

4. IDWDS does not implies IDSDS. Show that if a strategy pro�le s = (s1; s2; :::; sN)
survives IDSDS, it does not need to survive IDWDS. (An example su¢ ces.)

� Consider the following two-player game from Tadelis (2013).

Player 2
L C R

U 3, 3 5, 1 6, 2
Player 1 M 4, 1 8, 4 3, 6

D 4, 0 9, 6 6, 8

� Applying IDSDS. We �rst �nd which strategy pro�les survive IDSDS.
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(a) � Let us start with player 1, who does not have strictly dominated strategy. To
see this, note that:

�u1(U; s2) < u1 (M; s2) when player 2 selects s2 = L (in the left-hand
column) and when he selects s2 = C (in the center column), but

�u1(U; s2) > u1 (M; s2) when player 2 selects s2 = R in the right-hand
column.

� A similar argument applies when comparing player 1�s payo¤s from choosing
M and D:

�u1(M;L) = u1 (D;L) when player 2 chooses L,
�u1(M;C) < u1 (D;C) when player 2 chooses C, and
�u1(M;R) < u1 (D;R) when player 2 chooses R.

� We can now move to player 2, where C is strictly dominated by R since
u2(C; s1) < u2 (R; s1) for every strategy s1 chosen by player 1. We can then
reproduce the remaining matrix after the �rst two rounds of IDSDS, i.e., after
deleting nothing for player 1 and strategy C for player 2.

Player 2
L R

U 3, 3 6, 2
Player 1 M 4, 1 3, 6

D 4, 0 6, 8

� We cannot �nd any more strictly dominated strategies relying on pure strate-
gies. (As a practice, check that allowing for player 1 to randomize would
not help us to further reduce the set of strategy pro�les surviving IDSDS.)
Then, the set of strategies surviving IDSDS is the six strategy pro�les in the
reduced matrix:

(U;L) ; (U;R) ; (M;L) ; (M;R) ; (D;L) ; (D;R)

(b) Applying IDWDS. We now �nd strategy pro�les survive IDWDS.

� From our above discussion, we know that player 2 �nds that C is strictly
dominated by R since u2(C; s1) < u2 (R; s1) for every strategy s1 chosen by
player 1, leaving us with the following reduced matrix.

Player 2
L R

U 3, 3 6, 2
Player 1 M 4, 1 3, 6

D 4, 0 6, 8

� Turning to player 1, he �nds that D weakly dominates M because:

�u1(M;L) = u1 (D;L) when player 2 chooses L,
�u1(M;R) < u1 (D;R) when player 2 chooses R.
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We can then delete M from the previous payo¤ matrix, leaving us with the
following reduced matrix.

Player 2
L R

U 3, 3 6, 2
Player 1 D 4, 0 6, 8

� We can keep analyzing player 1, �nding that D weakly dominates U (D yields
a higher payo¤ than U when player 2 chooses L, but they both yield the same
payo¤ when player 2 chooses R). Deleting row U from the previous matrix,
we obtain the following reduced matrix.

Player 2
L R

Player 1 D 4, 0 6, 8

Finally, turning to player 2, we can say that R strictly dominates L, which
leaves us with the following reduced matrix, entailing that (D;R) is the unique
strategy pro�le that survives IDWDS.

Player 2
R

Player 1 D 6, 8

That is, IDWDS= (D;R).
� Conclusion:Therefore, strategy pro�les such as (U;L) ; (U;R) ; (M;L) ; (M;R) ; (D;L),
which survived IDSDS, do not need to survive IDWDS.

5. Exercises 7.8 from Jehle and Reny�s AdvancedMicroeconomic Theory book.
(see page 365 in new edition).

� See exercise #3 in this problem set.

6. Exercises from Tadelis:

(a) Chapter 4: Exercise 4.3.

(b) Chapter 5: Exercises 5.1 and 5.9.
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