ECONS 424 – STRATEGY AND GAME THEORY
FINAL EXAM – ANSWER KEY
Watson-Chapter 23 Exercise 2

a) Country 𝑖𝑖’s payoff function is 2000 + 60𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑖𝑖 𝑥𝑥𝑗𝑗 − 𝑥𝑥𝑖𝑖2 − 90𝑥𝑥𝑗𝑗

The best response function of player 𝑖𝑖 is given by 𝐵𝐵𝑅𝑅𝑖𝑖 �𝑥𝑥𝑗𝑗 � = 30 + 𝑥𝑥𝑗𝑗 /2.
1

𝑥𝑥

Solving for equilibrium, we find that 𝑥𝑥𝑖𝑖 = 30 + �30 + 2𝑖𝑖� which implies that
2
𝑥𝑥1∗ = 𝑥𝑥2∗ = 60.
The payoff to each player is equal to 2000 − 30(60) = 200.

b) Cooperation. Under zero tariffs, the payoff to each country is 2000.
Unilateral deviations. Note that, given 𝑥𝑥𝑗𝑗 = 0, the optimal deviation by country 𝑖𝑖 can be
easily found by using its 𝐵𝐵𝐵𝐵𝐹𝐹𝑖𝑖 evaluated at 𝑥𝑥𝑗𝑗 = 0, as follows:
0
𝐵𝐵𝑅𝑅𝑖𝑖 (0) = 30 + = 30
2
A deviation by player 𝑖𝑖 towards 𝑥𝑥𝑖𝑖 = 30 (while player 𝑗𝑗 still selects 𝑥𝑥𝑗𝑗 = 0) yields a payoff of
2000 + 60(30) − 30 ∗ 0 − 302 − 90 ∗ 0 = 2900.
Thus, players 𝑖𝑖’s gain from deviating is 900. Therefore, sustaining zero tariffs requires that
2000
200 ∗ 𝛿𝛿
≥ 2900 +
1 − 𝛿𝛿
1 − 𝛿𝛿
1
Solving for 𝛿𝛿, we get 𝛿𝛿 ≥ .
3

c) Cooperation. The payoff to each player of cooperating by setting tariffs equal to 𝑘𝑘 is
2000 + 60𝑘𝑘 + 𝑘𝑘 2 − 𝑘𝑘 2 − 90𝑘𝑘 = 2000 − 30𝑘𝑘
If player 𝑗𝑗 is cooperating selecting 𝑥𝑥𝑗𝑗 = 𝑘𝑘, player 𝑖𝑖 can find its most profitable deviation by
using its 𝐵𝐵𝐵𝐵𝐹𝐹𝑖𝑖 evaluated at 𝑥𝑥𝑗𝑗 = 𝑘𝑘, as follows
𝑘𝑘
𝐵𝐵𝑅𝑅𝑖𝑖 �𝑥𝑥𝑗𝑗 = 𝑘𝑘� = 30 +
2
𝑘𝑘
Unilateral deviations. The payoff to a player from unilaterally deviating to 𝑥𝑥𝑖𝑖 = 30 + while
2
country 𝑗𝑗 still selects 𝑥𝑥𝑗𝑗 = 𝑘𝑘 is equal to
𝑘𝑘
𝑘𝑘 2
𝑘𝑘 2
𝑘𝑘
2000 + 60 �30 + � + �30 + � 𝑘𝑘 − �30 + � − 90𝑘𝑘 = 2000 + �30 + � − 90𝑘𝑘
2
2
2
2
Thus, the gain to player 𝑖𝑖 of unilaterally deviating is
𝑘𝑘 2
�30 + � − 60𝑘𝑘
2
In order to support tariff setting of k, it must be that its payoff from cooperating,
(2000 − 30𝑘𝑘) ∗

1
1−𝛿𝛿

𝑘𝑘 2

, is larger than its payoff from deviating, �30 + � − 60𝑘𝑘 , and then be
2
𝛿𝛿

prescribed thereafter, 1−𝛿𝛿 ∗ 200 , in the NE of the unrepeated game. That is,
200𝛿𝛿 [2000 − 30𝑘𝑘]
𝑘𝑘 2
≤
�2000 + �30 + � − 90𝑘𝑘� +
1 − 𝛿𝛿
1 − 𝛿𝛿
2
1

Solving for the discount factor 𝛿𝛿 yields the condition:
𝑘𝑘 2
�30 + 2� − 60𝑘𝑘

or further simplifying,

𝑘𝑘 2
1800 − 90𝑘𝑘 + �30 + 2�

≤ 𝛿𝛿

𝑘𝑘 − 60
≤ 𝛿𝛿
𝑘𝑘 − 180
𝑘𝑘−60
The following figure depicts the ratio
, as a function of k. For simplicity, we restrict the
𝑘𝑘−180
value of k to be lower than the Nash equilibrium tariff level, 𝑥𝑥1∗ = 𝑥𝑥2∗ = 60, since otherwise
countries’ individual payoffs would not be larger than what they can obtain by independently
setting their tariff policy.

Intuition:
• When the tariff-reduction agreement in which countries participate implies very low
tariffs, i.e., k approaching zero, countries have strong incentives to defect unilaterally
setting higher tariffs, i.e., countries only participate in the agreement if their discount
factor 𝛿𝛿 is sufficiently high.
• However, when the tariff-reduction agreement specifies tariff levels k similar to those
in the NE of the game, 𝑥𝑥1∗ = 𝑥𝑥2∗ = 60, countries do not experience a large “temptation”
to unilaterally deviate from the treaty and, as a consequence, are willing to stick to
the terms of the agreement under most discount factors.

2

Watson - Chapter 26 Exercise 5

a) For firm 1, whose constant marginal costs of production are 10, we have
𝑢𝑢1 (𝑝𝑝1 , 𝑝𝑝2 ) = 𝑝𝑝1 ∗ 𝑞𝑞1 − 10𝑞𝑞1 = (𝑝𝑝1 − 10)𝑞𝑞1 = (𝑝𝑝1 − 10)(22 − 2𝑝𝑝1 + 𝑝𝑝2 )
= 22𝑝𝑝1 − 2𝑝𝑝12 + 𝑝𝑝1 𝑝𝑝2 − 220 + 20𝑝𝑝1 − 10𝑝𝑝2
= 42𝑝𝑝1 + 𝑝𝑝1 𝑝𝑝2 − 2𝑝𝑝12 − 10𝑝𝑝2 − 220
For firm 2, with marginal costs given by c > 0, we have
𝑢𝑢2 (𝑝𝑝1 , 𝑝𝑝2 ) = 𝑝𝑝2 ∗ 𝑞𝑞2 − 𝑐𝑐 ∗ 𝑞𝑞2 = (𝑝𝑝2 − 𝑐𝑐)𝑞𝑞2 = (𝑝𝑝2 − 𝑐𝑐)(22 − 2𝑝𝑝2 + 𝑝𝑝1 )
= 22𝑝𝑝2 − 2𝑝𝑝22 + 𝑝𝑝1 𝑝𝑝2 − 22𝑐𝑐 + 2𝑐𝑐𝑝𝑝2 − 𝑐𝑐𝑝𝑝1
= (22 + 2𝑐𝑐)𝑝𝑝2 + 𝑝𝑝1 𝑝𝑝2 − 2𝑝𝑝22 − 22𝑐𝑐 − 𝑐𝑐𝑝𝑝1

b) Taking FOC with respect to 𝑝𝑝1 we have

42 + 𝑝𝑝2 − 4𝑝𝑝1 = 0 → 𝑝𝑝1 (𝑝𝑝2 ) =
42

42 + 𝑝𝑝2
4

←

1

(𝐵𝐵𝐵𝐵𝐹𝐹1 )

Thus, the BRF of firm 1 originates at and has a vertical slope of .
4
4
Similarly taking FOC of 𝑢𝑢2 (𝑝𝑝1 , 𝑝𝑝2 ) with respect to 𝑝𝑝2 ,
22 + 2𝑐𝑐 + 𝑝𝑝1 − 4𝑝𝑝2 = 0
Solving for 𝑝𝑝2 ,
22 + 2𝑐𝑐 + 𝑝𝑝1
𝑝𝑝2 (𝑝𝑝1 ) =
← 𝐵𝐵𝐵𝐵𝐹𝐹2
4
22+2𝑐𝑐
1
Which originates at
and has a vertical slope of . (Note that if firm 2’s marginal costs
4
4
were 10, then 22 + 2𝑐𝑐 would be 42, yielding a 𝐵𝐵𝐵𝐵𝐹𝐹2 symmetric to that of firm 1)

c) Plugging 𝐵𝐵𝐵𝐵𝐹𝐹1 into 𝐵𝐵𝐵𝐵𝐹𝐹2 , we obtain

𝑝𝑝2 =
∗
And solving for 𝑝𝑝2 = $14.
Plugging 𝑝𝑝2∗ = $14 into 𝐵𝐵𝐵𝐵𝐹𝐹1 , we have

22 + 2𝑐𝑐 + �
4

42 + 𝑝𝑝2
4 �

42 + 14
= $14
4
d) Starting with the informed player (Player 2), we have that:
• Firm 2’s best-response function when having high costs of c=14, 𝐵𝐵𝐵𝐵𝐹𝐹2𝐻𝐻 , is
22 + 2 ∗ 14 + 𝑝𝑝1 50 + 𝑝𝑝1
𝑝𝑝2𝐻𝐻 (𝑝𝑝1 ) =
=
4
4
• Firm 2’s best-response function when having low costs of c=6, 𝐵𝐵𝐵𝐵𝐹𝐹2𝐿𝐿 , is
22 + 2 ∗ 6 + 𝑝𝑝1 34 + 𝑝𝑝1
𝑝𝑝2𝐿𝐿 (𝑝𝑝1 ) =
=
4
4
The uninformed firm 1 can now plug this information into its expected profits
maximization problem as follows:
1
1
[42𝑝𝑝1 + 𝑝𝑝1 𝑝𝑝2𝐻𝐻 − 2𝑝𝑝12 − 10𝑝𝑝2𝐻𝐻 − 220] + [42𝑝𝑝1 + 𝑝𝑝1 𝑝𝑝2𝐿𝐿 − 2𝑝𝑝12 − 10𝑝𝑝2𝐿𝐿 − 220]
max
𝑝𝑝1
2
2
𝑝𝑝1 (14) =

where the first component represents the case in which firm 2 has high costs, and
thus sets a price 𝑝𝑝2𝐻𝐻 , while the second component denotes the case in which firm 2’s
costs are low, setting a price 𝑝𝑝2𝐿𝐿 .
3

Taking FOC with respect to 𝑝𝑝1 we obtain

1
1
[42 + 𝑝𝑝2𝐻𝐻 − 4𝑝𝑝1 ] + [42 + 𝑝𝑝2𝐿𝐿 − 4𝑝𝑝1 ]
2
2
1
1
21 + 𝑝𝑝2𝐻𝐻 − 2𝑝𝑝1 + 21 + 𝑝𝑝2𝐿𝐿 − 2𝑝𝑝1
2
2
1
1
42 + 𝑝𝑝2𝐻𝐻 + 𝑝𝑝2𝐿𝐿 − 4𝑝𝑝1 = 0
2
2

And solving with respect to 𝑝𝑝1 we obtain firm 1’s 𝐵𝐵𝐵𝐵𝐹𝐹1 (𝑝𝑝2𝐻𝐻 , 𝑝𝑝2𝐿𝐿 ),
𝑝𝑝1 (𝑝𝑝2𝐻𝐻 , 𝑝𝑝2𝐿𝐿 )

=

1
1
42 + 2 𝑝𝑝2𝐻𝐻 + 2 𝑝𝑝2𝐿𝐿
4

Plugging 𝑝𝑝2𝐻𝐻 and 𝑝𝑝2𝐿𝐿 into 𝐵𝐵𝐵𝐵𝐹𝐹1 (𝑝𝑝2𝐻𝐻 , 𝑝𝑝1𝐿𝐿 ), we obtain
𝑝𝑝1 (𝑝𝑝2𝐻𝐻 , 𝑝𝑝2𝐿𝐿 )

1 34 + 𝑝𝑝
1 50 + 𝑝𝑝
42 + � 4 1 � + 2 � 4 1 �
2
=
4

And solving for 𝑝𝑝1 , we obtain 𝑝𝑝1∗ = $14.

Finally, plugging 𝑝𝑝1∗ = $14 into firm 2’s 𝐵𝐵𝐵𝐵𝐹𝐹2𝐻𝐻 and 𝐵𝐵𝐵𝐵𝐹𝐹2𝐿𝐿 we have:
𝑝𝑝2𝐻𝐻 (14) =

𝑝𝑝2𝐿𝐿 (14) =

50 + 14
= $16
4

34 + 14
= $12
4

4

Exercise 9 - Chapter 11 - Harrington
SEPARATING STRATEGY PROFILE (x, y’)

1. Receiver’s beliefs:
a. After observing x, the receiver’s beliefs are γ=1, since such a message can only
originate from the s type according to this separating strategy profile.

b. After observing y, the receiver’s beliefs are μ=0, since such a message can only
originate from the t type according to this separating strategy profile.

2. Receiver’s optimal response:

a. After observing x, since the receiver assigns full probability to the upper left-hand
node, his optimal response is a. Indeed, his payoff from selecting a, 4, exceeds that
from selecting b, 2.

b. After observing y, since the receiver assigns full probability to the lower right-hand
node, his optimal response is b. Indeed, his payoff from selecting b, 6, exceeds that
from selecting a, 3.

c. The following figure introduces these optimal responses into our above figure.

5

3. Sender’s optimal message:
a. When the sender’s type is s, if he sticks to the prescribed strategy of choosing x, his
payoff is 3 (given that he will be responded with a). By contrast, if he deviates towards

y, he will be responded with b, yielding a payoff of only 1. Hence, the s-type of sender

has no incentives to deviate from x.

b. When the sender’s type is t, if he sticks to the prescribed strategy of choosing y’, his

payoff is 5 (given that he will be responded with b). By contrast, if he deviates towards

x’, he will be responded with a, yielding a payoff of only 2. Hence, the t-type of sender

has no incentives to deviate from y’.

c. Since no type of sender has incentives to deviate from their prescribed strategy
profiles, this separating strategy profile can be sustained as a PBE.

6

SEPARATING STRATEGY PROFILE (y, x’)

1. Receiver’s beliefs:
a. After observing x, the receiver’s beliefs are μ=1, since such a message can only
originate from the t type according to this separating strategy profile.

b. After observing y, the receiver’s beliefs are γ=0, since such a message can only
originate from the s type according to this separating strategy profile.

2. Receiver’s optimal response:

a. After observing x, since the receiver assigns full probability to the lower left-hand
node, his optimal response is b. Indeed, his payoff from selecting b, 5, exceeds that
from choosing a, 4.

b. After observing y, since the receiver assigns full probability to the upper right-hand

node, his optimal response is a. Indeed, his payoff from selecting a, 7, exceeds that
from choosing b, 2.

c. The following figure summarizes these responses.

7

3. Sender’s optimal message:
a. When the sender’s type is s, if he sticks to the prescribed strategy of choosing y, his
payoff is 5 (given that he will be responded with a). By contrast, if he deviates towards

x, he will be responded with b, yielding a payoff of only 2. Hence, the s-type of sender

has no incentives to deviate from y.

b. When the sender’s type is t, if he sticks to the prescribed strategy of choosing x’, his
payoff is 0 (given that he will be responded with b). By contrast, if he deviates towards

y,’ he will be responded with a, yielding a payoff of only 4. Hence, the t-type of sender

has incentives to deviate from x’ to y’.

c. Since we found that at least one type of sender has incentives to deviate from their

prescribed strategy profile, this separating strategy profile cannot be sustained as a
PBE.

8

POOLING STRATEGY PROFILE (x,x’)

1. Receiver’s beliefs:
a. After observing the equilibrium message of x, the receiver’s beliefs are γ=0.5

(coinciding with the prior probability distribution over types), since such a message
can originate from either type of sender.

b. After observing the off-the-equilibrium message of y, the receiver’s beliefs cannot be
updated according to Bayes’ rule, and must be arbitrarily specified, i.e., 𝜇𝜇 ∈ (0,1).

2. Receiver’s optimal response:

a. After observing the equilibrium message of x, the receiver’s optimal response is to
1
2

respond with a since it yields a larger expected utility. In particular, 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑎𝑎|𝑥𝑥) = 4 +
1
4
2

1
2

1
2

= 4 whereas b only entails a expected payoff of 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑏𝑏|𝑥𝑥) = 2 + 5 = 3.5.

b. After observing the off-the-equilibrium message of y, the receiver’s choice of a or b

depends on his specific off-the-equilibrium belief, μ. Indeed, the expected payoff when
he responds with a is 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑎𝑎|𝑦𝑦) = 𝜇𝜇7 + (1 − 𝜇𝜇)3 = 4𝜇𝜇 + 3 whereas his expected

payoff when responding with b is 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑏𝑏|𝑦𝑦) = 𝜇𝜇2 + (1 − 𝜇𝜇)6 = 6 − 4𝜇𝜇. Therefore,
3
8

the receiver responds with a if and only if 4𝜇𝜇 + 3 > 6 − 4𝜇𝜇, or 𝜇𝜇 ≥ .

3
8

c. [As usual, we hereafter divide our analysis into two cases: one in which 𝜇𝜇 ≥ holds

(and therefore the receiver responds with a after observing y), and other case in
3
8

which 𝜇𝜇 ≥ is not satisfied (and hence the receiver responds with b after observing
y).]

9

3. Sender’s optimal message:
3
8

a. CASE 1: 𝜇𝜇 ≥ .

i. When the sender’s type is s, if he sticks to the prescribed strategy of choosing

x, his payoff is 3 (given that he will be responded with a). If he instead deviates
3
8

towards y, he will be responded with a (since 𝜇𝜇 ≥ ), yielding a larger payoff
of 5. Hence, the s-type of sender has incentives to deviate from x.

ii. Similarly, when the sender’s type is t, if he sticks to the prescribed strategy of

choosing x’, his payoff is 2 (given that he will be responded with a). If he
3
8

instead deviates towards y,’ he will be responded with a (since 𝜇𝜇 ≥ ), yielding

a larger payoff 4. Hence, the t-type of sender also has incentives to deviate
from x’ to y’.

iii. Since we found that both types of sender have incentives to deviate from their

prescribed strategy profile, this pooling strategy profile cannot be sustained
3
8

as a PBE when off-the-equilibrium beliefs satisfy 𝜇𝜇 ≥ .

3
8

b. CASE 2: 𝜇𝜇 < .

10

i. When the sender’s type is s, if he sticks to the prescribed strategy of choosing

x, his payoff is 3 (given that he will be responded with a). If he instead deviates
3
8

towards y, he will be responded with b (since 𝜇𝜇 < ), yielding a lower payoff

of 1. Hence, the s-type of sender does not have incentives to deviate from x.

ii. When the sender’s type is t, if he sticks to the prescribed strategy of choosing

x’, his payoff is 2 (given that he will be responded with a). If he instead
3
8

deviates towards y,’ he will be responded with b (since 𝜇𝜇 < ), yielding a

larger payoff 5. Hence, the t-type of sender has incentives to deviate from x’
to y’.

iii. Since we found that at least one type of sender (the t-type) has incentives to

deviate from his prescribed strategy profile, this pooling strategy profile
3
8

cannot be sustained as a PBE when off-the-equilibrium beliefs satisfy 𝜇𝜇 < .

c. As a result, the pooling strategy profile (x,x’) cannot be sustained under any off-theequilibrium beliefs.

11

POOLING STRATEGY PROFILE (y,y’)

1. Receiver’s beliefs:
a. After observing the equilibrium message of y, the receiver’s beliefs are μ=0.5

(coinciding with the prior probability distribution over types), since such a message
can originate from either type of sender.

b. After observing the off-the-equilibrium message of x, the receiver’s beliefs cannot be
updated according to Bayes’ rule, and must be arbitrarily specified, i.e., 𝛾𝛾 ∈ (0,1).

2. Receiver’s optimal response:

a. After observing the equilibrium message of y, the receiver’s optimal response is to
1
2

respond with a since it yields a larger expected utility. In particular, 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑎𝑎|𝑦𝑦) = 7 +
1
3
2

1
2

1
2

= 5 whereas b only entails a expected payoff of 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑏𝑏|𝑦𝑦) = 2 + 6 = 4.

b. After observing the off-the-equilibrium message of y, the receiver’s choice of a or b

depends on his specific off-the-equilibrium belief, 𝛾𝛾. Indeed, the expected payoff

when he responds with a is 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑎𝑎|𝑥𝑥) = 𝛾𝛾4 + (1 − 𝛾𝛾)4 = 4 whereas his expected

payoff when responding with b is 𝐸𝐸𝐸𝐸𝑅𝑅 (𝑏𝑏|𝑥𝑥) = 𝛾𝛾2 + (1 − 𝛾𝛾)5 = 5 − 3𝛾𝛾. Therefore, the
1
3

receiver responds with a if and only if 4 > 5 − 3𝛾𝛾, or 𝛾𝛾 ≥ .

1
3

c. [As usual, we hereafter divide our analysis into two cases: one in which 𝛾𝛾 ≥ holds

(and therefore the receiver responds with a after observing x), and other case in
1
3

which 𝛾𝛾 ≥ is not satisfied (and hence the receiver responds with b after observing

x).]

12

3. Sender’s optimal message:
1
3

a. CASE 1: 𝛾𝛾 ≥ .

i. When the sender’s type is s, if he sticks to the prescribed strategy of choosing

y, his payoff is 5 (given that he will be responded with a). If he instead deviates
1
3

towards x, he will be responded with a (since 𝛾𝛾 ≥ ), yielding a lower payoff

of 3. Hence, the s-type of sender does not have incentives to deviate from y.

ii. Similarly, when the sender’s type is t, if he sticks to the prescribed strategy of

choosing y’, his payoff is 4 (given that he will be responded with a). If he
1
3

instead deviates towards x’, he will be responded with a (since 𝛾𝛾 ≥ ), yielding

a lower payoff of 2. Hence, the t-type of sender also does not have incentives
to deviate from y’ to x’ either.

iii. Since we found that no type of sender has incentives to deviate from his

prescribed strategy profile, this pooling strategy profile (y,y’) can be
1
3

sustained as a PBE when off-the-equilibrium beliefs satisfy 𝛾𝛾 ≥ .
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1
3

b. CASE 2: 𝛾𝛾 < .

i. When the sender’s type is s, if he sticks to the prescribed strategy of choosing
y, his payoff is 5 (given that he will be responded with a). If he instead deviates
1
3

towards x, he will be responded with b (since 𝛾𝛾 < ), yielding a lower payoff

of 2. Hence, the s-type of sender does not have incentives to deviate from y.

ii. Similarly, when the sender’s type is t, if he sticks to the prescribed strategy of

choosing y’, his payoff is 4 (given that he will be responded with a). If he
1
3

instead deviates towards x’, he will be responded with b (since 𝛾𝛾 < ), yielding

a lower payoff of 0. Hence, the t-type of sender also does not have incentives
to deviate from y’ to x’ either.

iii. Since we found that no type of sender has incentives to deviate from his
prescribed strategy profile, this pooling strategy profile (y,y’) can also be
1
3

sustained as a PBE when off-the-equilibrium beliefs satisfy 𝛾𝛾 < .
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Exercise 8-Chapter 12-Harrington
Consider the following game:
Nature

Type s

Type t

Probability = 1/3

Probability = 2/3

Player 1

Player 1

a

a

b

b

Player 2

w

Player 2

x
w
Player 1

Player 1

w
y

z

y

3
2

2
3

z

w

x
y

Player 1

y

0
0

Player 1
Player 2

x

z

y

3
2

2
3

z

Player 1

y

0
0
3
2

y

z

1
1
0
0

z

1
1

2
3

x

z

y

3
2

2
3

z

1
1
0
0

1
1

Find a separating PBE.
For the case where sender type s chooses a and type t chooses b, there are three separating PBEs.
There are three separating equilibria when sender type s chooses b and type t chooses a.

The first separating PBE is:
•

Sender’s strategy:
o

o
o
o
o

If my type is s, then choose a.
If my type is t, then choose b.

Choose z at the information set corresponding with the path 𝑠𝑠 → 𝑎𝑎
Choose y at the information set corresponding with the path 𝑠𝑠 → 𝑏𝑏

Choosey z at the information set corresponding with the path 𝑡𝑡 → 𝑎𝑎
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o
•

Receiver’s strategy:
o

o
•

Choose z at the information set corresponding with the path 𝑡𝑡 → 𝑏𝑏
If the message is a, then choose w.
If the message is b, then choose x.

Receiver’s beliefs:
o

o

If the message is a, then assign probability 1 to the sender’s being type s
If the message is b, then assign probability 1 to the sender’s being type t

To facilitate our next discussion, the following figure illustrates this strategy profile:

The receiver’s (player 2’s) beliefs are consistent with the sender’s strategy. Given these beliefs and

the sender’s strategy, the receiver’s optimal strategy is to choose w when she observes a since it

produces a payoff of 2, which is greater than 1, which is the payoff of she chooses x. When she
observes b, it is optimal to play x since it gives her a payoff of 4, which is greater than 0, the payoff if

she plays w.
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We need to check that the sender’s strategy is optimal. If the path is 𝑠𝑠 → 𝑎𝑎, then the receiver will
choose w, which means the sender’s payoff is 0 from y and 3 from z, so z is optimal. If the path is 𝑠𝑠 →
𝑏𝑏, then the receiver will choose x, which means the sender’s payoff is 0 from y and 4 from z, so z is

optimal. If the path is 𝑡𝑡 → 𝑎𝑎, then the receiver will choose w, which means the sender’s payoff is 1

from y and 0 from z, so y is optimal. If the path is 𝑡𝑡 → 𝑏𝑏, then the receiver will choose x, which means
the sender’s payoff is 0 from y and 4 from z, so z is optimal.

Finally, let’s check whether the sender’s messages are optimal. Suppose he is type s. he can choose a

and induce the receiver to choose w, which means his payoff is 3, or he can choose b and induce the

receiver to play x, which results in a payoff of 2. Hence, the sender’s optimal message is a. Now,

suppose he is type t. Choosing b induces the receiver to choose x, which gives sender’s payoff of 4. Or
he can choose a and induce the receiver to play w, which results in a payoff of 1. Hence, the sender’s

optimal message is b.
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The second separating PBE is:
•

Sender’s strategy:
o

o
o
o
o
o
•

If my type is t, then send b.

Choose y at the information set corresponding with the path 𝑠𝑠 → 𝑎𝑎
Choose y at the information set corresponding with the path 𝑠𝑠 → 𝑏𝑏

Choosey z at the information set corresponding with the path 𝑡𝑡 → 𝑎𝑎
Choose z at the information set corresponding with the path 𝑡𝑡 → 𝑏𝑏

Receiver’s strategy:
o

o
•

If my type is s, then send a.

If the message is a, then choose x.

If the message is b, then choose x.

Receiver’s beliefs:
o
o

If the message is a, then assign probability 1 to the sender’s being type s.
If the message is b, then assign probability 1 to the sender’s being type t.

This strategy profile is depicted below:
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The third separating PBE is:
•

Sender’s strategy:
o

o
o
o
o
o
•

If my type is t, then send b.

Choose z at the information set corresponding with the path 𝑠𝑠 → 𝑎𝑎
Choose z at the information set corresponding with the path 𝑠𝑠 → 𝑏𝑏

Choosey y at the information set corresponding with the path 𝑡𝑡 → 𝑎𝑎
Choose y at the information set corresponding with the path 𝑡𝑡 → 𝑏𝑏

Receiver’s strategy:
o

o
•

If my type is s, then send a.

If the message is a, then choose w.

If the message is b, then choose w.

Receiver’s beliefs:
o

o

If the message is a, then assign probability 1 to the sender’s being type s.
If the message is b, then assign probability 1 to the sender’s being type t.

This strategy profile is depicted below:
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Exercise 5 – Applying the Cho and Kreps’ (1987) Intuitive Criterion in the Far West
a. Check if the pooling equilibrium in which both types of player 1 have Beer for breakfast
survives the Cho and Kreps’ (1987) Intuitive Criterion.

(1, 1)

Duel
Player 2

(3, 0)

Not
Duel

Quiche

γ

Player 1

Wimpy

Beer

(0, 1)

Not
Duel

(2, 0)

Duel

(1, -1)

Not
Duel

(3, 0)

Player 2

µ

0.1

Duel

Nature

(0, -1)

(2, 0)

Duel

Not
Duel

(1-γ)

Player 2

Surely
Quiche

0.9

Player 1

(1-µ)
Beer

Player 2

First step
In the first step we want to eliminate those off-the-equilibrium messages that are equilibrium
dominated. For the case of a Wimpy player 1, we need to check if having Quiche can improve his
equilibrium utility level (from having Beer). That is, if

𝑢𝑢1∗ (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵|𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊)
��
����������� < Max 𝑢𝑢1 (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒|𝑊𝑊𝑊𝑊𝑚𝑚𝑝𝑝𝑝𝑝)
𝑎𝑎2
�����������������
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸. 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃, 2

𝐻𝐻𝐻𝐻𝐻𝐻ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒, 3

This condition can be indeed satisfied if player 2 chooses not to duel: the wimpy player 1 would
obtain a payoff of 3 instead of 2 in this pooling equilibrium. Hence, the wimpy player 1 has incentives
to deviate from this separating PBE. Let us now check the surely type of player 1. We need to check
if an (off-the-equilibrium) message of Quiche could ever be convenient for the surely type. That is, if
∗
𝑢𝑢
�����������
1 (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵|𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆) < Max 𝑢𝑢1 (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒|𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆)
𝑎𝑎2
�����������������
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸. 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃, 3

𝐻𝐻𝐻𝐻𝐻𝐻ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒, 2

But this condition is not satisfied: the surely player 1 obtains in equilibrium a payoff of 3 (from having
beer for breakfast), and the highest payoff he could obtain from deviating to quiche is only 2 (since
he dislikes quiche). Hence, the surely type would never deviate from beer.
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Player 2’s beliefs, after observing the (off-the-equilibrium) message of quiche, can be restricted
to Θ∗∗ (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒) = {𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊}.
Second step
After restricting the receiver’s beliefs to Θ∗∗ (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒) = {𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊}, player 2 plays duel every time

that he observes the (off-the-equilibrium) message of Quiche, since he is sure that player 1 must be

wimpy. The second step of the Intuitive Criterion analyzes if there is any type of sender (wimpy or
surely) and any type of message he would send that satisfies:
𝑀𝑀𝑀𝑀𝑀𝑀

𝑎𝑎∈𝐴𝐴∗ [Θ∗∗ (𝑚𝑚),𝑚𝑚]

𝑢𝑢𝑖𝑖 (𝑚𝑚, 𝑎𝑎, 𝜃𝜃) > 𝑢𝑢𝑖𝑖∗ (𝜃𝜃)

In this context, this condition does not hold for the wimpy type since the minimal payoff he can obtain
by deviating (having Quiche for breakfast) once the receiver’s beliefs have been restricted to

Θ∗∗ (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒) = {𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊}, is 1 (given that when having quiche for breakfast, player 2 responds by

dueling). In contrast, his equilibrium payoff from having beer for breakfast in this pooling
equilibrium is 2. A similar argument is applicable to the surely type: in equilibrium he obtains a payoff
of 3, and by deviating towards quiche he will be dueled by player 2, obtaining a payoff of 0 (since he

does not like quiche, and in addition, he has to fight). As a consequence, no type of player deviates
towards quiche, and the pooling equilibrium in which both types of player 1 have beer for breakfast
survives the Cho and Kreps’ (1987) Intuitive Criterion.
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b. Check if the pooling equilibrium in which both types of player 1 have Quiche for breakfast
survives the Cho and Kreps’ (1987) Intuitive Criterion.

(1, 1)

Duel
Player 2

(3, 0)

Not
Duel

Quiche

γ

Player 1

Wimpy

Beer

(0, 1)

Not
Duel

(2, 0)

Duel

(1, -1)

Not
Duel

(3, 0)

Player 2

µ

0.1

Duel

Nature

(0, -1)

(2, 0)

Duel

Not
Duel

(1-γ)

Player 2

Surely
Quiche

0.9

Player 1

(1-µ)
Beer

Player 2

First step:
In the first step we want to eliminate those off-the-equilibrium messages that are equilibrium

dominated. For the case of a Wimpy player 1, we need to check if having Beer can improve his
equilibrium utility level (from having Beer). That is, if
∗
𝑢𝑢
�������������
1 (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒|𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊) <
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸. 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃, 3

Max 𝑢𝑢1 (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵|𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊𝑊)
𝑎𝑎2
���������������

𝐻𝐻𝐻𝐻𝐻𝐻ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑔𝑔
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵, 2

This condition is not satisfied: the Wimpy player 1 obtains a payoff of 3 in this equilibrium, and the
highest payoff that he could obtain by deviating towards beer is only by 2. Let us now check if the
equivalent condition holds for the surely type of player 1,
∗
𝑢𝑢
�������������
1 (𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄ℎ𝑒𝑒|𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆) <
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸. 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃, 2

Max 𝑢𝑢1 (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵|𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆)
𝑎𝑎2
���������������

𝐻𝐻𝐻𝐻𝐻𝐻ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵, 3

This condition is satisfied: the surely player 1 obtains in equilibrium a payoff of 2 (from having Quiche
for breakfast, which he dislikes), and the highest payoff he could obtain from deviating towards beer
is 3. Hence, the surely type is the only type of player 1 who has incentives to deviate towards beer.
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Player 2’s beliefs, after observing the (off-the-equilibrium) message of beer, can then be restricted to
Θ∗∗ (𝐵𝐵𝑒𝑒𝑒𝑒𝑒𝑒) = {𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆}.

Second step
After restricting the receiver’s beliefs to Θ∗∗ (𝐵𝐵𝑒𝑒𝑒𝑒𝑒𝑒) = {𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆}, player 2 responds by not dueling
player 1. The second step of the Intuitive Criterion analyzes if there is any type of sender (Wimpy or
Surely) and any type of message he would send that satisfies:
𝑀𝑀𝑀𝑀𝑀𝑀

𝑎𝑎∈𝐴𝐴∗ [Θ∗∗ (𝑚𝑚),𝑚𝑚]

𝑢𝑢𝑖𝑖 (𝑚𝑚, 𝑎𝑎, 𝜃𝜃) > 𝑢𝑢𝑖𝑖∗ (𝜃𝜃)

In this context, this condition holds for the surely type since the minimal payoff he can obtain by
deviating (having Beer for breakfast) after the receiver’s beliefs have been restricted to Θ∗∗ (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵) =
{𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑙𝑙𝑙𝑙}, is 3 (given that player 2 responds by not dueling any player who drinks beer). In contrast,

his equilibrium payoff from having quiche for breakfast in this pooling equilibrium is only 2. As a

consequence, the surely type deviates to beer, and the pooling equilibrium in which both types of
player 1 have Quiche for breakfast does not survive the Cho and Kreps’ (1987) Intuitive Criterion.
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