
EconS 501 - Micro Theory I
Assignment #1 - Answer key

1. �Liking more of everything�Consider a consumption set X = RL, and de�ne that,
for every two bundles x; y 2 X,

x % y if and only if xk � yk for every component k,

that is, bundle x is at least as good as bundle y if the former contains more units
than the latter in each of its components. Check if this preference relation satis�es (a)
completeness, (b) transitivity, (c) strong monotonicity, and (d) strict convexity.

(a) It is not complete. Recall that completeness requires for every pair x and y, either
x % y or y % x (or both). To see why this property does not hold, consider two
bundles x; y 2 R2 with bundle x containing more units of good 1 than bundle y
but fewer units of good 2, i.e., x1 > y1 for good 1 but x2 < y2 for good 2. Then,
we have neither that x % y (since for that we would need x1 > y1 and x2 > y2)
nor y % x (i.e., for that we would need y1 > x1 and y2 > x2).

(b) It is transitive. Recall that transitivity requires that, for any three bundles x, y
and z, if x % y and y % z then x % z . Now x % y and y % z means that

x � y and y � z

In vector notation, this means that bundle x is weakly larger than y in every com-
ponent. Similarly, bundle y is weakly larger than bundle z in every component.
Hence,

x � y and y � z =) xl � yl and yl � zl for every good l:

By transitivity of the �greater or equal than�symbol � we thus have xl � zl for
all goods l, and so x � z (i.e., bundle x is weakly larger than bundle z in every
component). That is x % z holds, as required.

(c) It is strongly monotone. Recall that the property of strong monotonicity requires
that if we increase one of the goods in a given bundle, then the newly created
bundle must be strictly preferred to the original bundle. More compactly, for a
given bundle y, if bundle x satis�es

x � y and x 6= y then x � y

where recall that x � y denotes that bundle x contains weakly larger amounts
than bundle y in every component. Now x � y , and x 6= y implies that xl � yl
for all goods l and xk > yk; for at least one good k (otherwise the two bundles
would be the same). Thus x � y and x 6= y implies

x % y and not y % x:
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In words, bundle x being weakly larger than y in all components (but being strictly
larger in at least one component, since they cannot completely coincide) implies
that bundle x is weakly preferred to y, and it can never be that bundle y is weakly
preferred to bundle x. We can therefore conclude that x is strictly preferred to y,
x � y , as required.

(d) It is strictly convex. Recall that strict convexity requires if x % z and y % z and
x 6= z then the linear combination of bundles x and y, �x + (1 � �)y, is strictly
preferred to z,

�x+ (1� �)y � z for all � 2 (0; 1):
Now if x % z and y % z then in the preference relation we are analyzing, it means
that bundle x is weakly larger than bundle z in every component, and similarly
for bundle y, i.e.,

xl � zl and yl � zl for all goods l:
And if bundles x and z are di¤erent, x 6= z , then for some good k 2 f1; :::; Lg we
must have xk > zk. Thus, for any � 2 (0; 1), the linear combination of x and y
lies above bundle z, i.e.,

�xl + (1� �)yl � zl for all good l, and

�xk + (1� �)yk > zk for some good k:

Hence, we have that �x+ (1� �)y � z and �x+ (1� �)y 6= z; and so,

�x+ (1� �)y % z and not z % �x+ (1� �)y:

Therefore �x+ (1� �)y � z, as required for strict convexity.

2. Checking properties of a preference relation. Consider a consumer with the
following preference relation: he weakly prefers (x1; x2) to (y1; y2); i.e., (x1; x2) %
(y1; y2), if and only if max fx1; x2g > min fy1; y2g.

(a) Provide a verbal description of his preference relation.

� Intuitively, this relation states that a bundle (x1; x2) is preferred to an alter-
native bundle (y1; y2) if and only if the most abundant component of the �rst
bundle exceeds the least abundant component of the second bundle.

(b) Check whether this preference relation is rational (complete and transitive), monotone,
convex, and locally nonsatiated.

1. Completeness. For any two bundles (x1; x2),(y1; y2) 2 R2, eithermax fx1; x2g >
min fy1; y2g, or min fy1; y2g > max fx1; x2g, or both (note that this occurs
when max fx1; x2g = min fy1; y2g, implying that the amount of the most
abundant component of bundle x exactly coincides with the amount in the
least abundant component in bundle y.). In the �rst case, we clearly have
(x1; x2) % (y1; y2). In the second, note that min fy1; y2g > max fx1; x2g im-
plies

max fy1; y2g > min fy1; y2g > max fx1; x2g > min fx1; x2g
and hence, max fy1; y2g > min fx1; x2g, which implies (y1; y2) % (x1; x2).
Hence, this preference relation is complete.
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2. Transitivity. Take three bundles (x1; x2), (y1; y2) and (z1; z2) 2 R2 satisfying
(x1; x2) % (y1; y2) and (y1; y2) % (z1; z2). Then, they must satisfy that, on
one hand, max fx1; x2g > min fy1; y2g, and on the other hand, max fy1; y2g >
min fz1; z2g. However, it can be the max fx1; x2g > min fz1; z2g is not sat-
is�ed, a condition we need for (x1; x2) % (z1; z2) and thus for transitivity to
hold. For instance, consider bundle (x1; x2) = (1; 0) and (y1; y2) = (3; 0),
which satisfy

max fx1; x2g = 1, 3 = min fy1; y2g ; and (z1; z2) = (2; 2);

which satis�es
max fy1; y2g = 3 > 2 = min fz1; z2g :

However, note that

max fx1; x2g = 1 < 2 = min fz1; z2g ;

which implies (x1; x2) - (z1; z2). As a consequence, while (x1; x2) % (y1; y2)
and (y1; y2) % (z1; z2), we cannot conclude that (x1; x2) % (z1; z2), Entailing
that the preference relation is not transitive, and thus not rational either.

3. Monotonicity. Take a bundle (y1; y2), and now let us consider another bun-
dle (x1; x2) that contains larger amounts of both goods, i.e., with x1 >
y1 and x2 > y2. At this point, when comparing the max fx1; x2g against
the min fy1; y2g, we can �nd that max fx1; x2g > min fy1; y2g and hence
(x1; x2) % (y1; y2). However, we can also have thatmax fy1; y2g > min fx1; x2g,
which implies (y1; y2) % (x1; x2). In order to see that, let us consider the fol-
lowing example: (x1; x2) = (3; 1) and (y1; y2) = (2; 0). Indeed, note that

max fx1; x2g = 3 > min fy1; y2g = 0;

but also that
max fy1; y2g = 2 > min fx1; x2g = 1:

Hence, this preference relation doesn�t satisfy monotonicity. Since, for monotonic-
ity to hold, we need (x1; x2) % (y1; y2) but (y1; y2) � (x1; x2), so that the bun-
dle in which all components have been increased, (x1; x2), is strictly preferred
to the initial bundle, i.e., (x1; x2) � (y1; y2).

4. Convexity. Take three bundles (x1; x2),(y1; y2) and (z1; z2) 2 R2 with (y1; y2) %
(x1; x2) and (z1; z2) % (x1; x2). Therefore, it must be that max fy1; y2g >
min fx1; x2g, and similarly the max fz1; z2g > min fx1; x2g. However, the
convex combination of (y1; y2) and (z1; z2) yields,

max f�y1 + (1� �)z1; �y2 + (1� �)z2g ;

which is not necessarily higher than min fx1; x2g. In order to see that, con-
sider an example in which

max fy1; y2g > min fx1; x2g , and max fz1; z2g > min fx1; x2g ;
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such as (y1; y2) = (0; 4), (x1; x2) = (3; 3) and (z1; z2) = (4; 0). Indeed,
max fy1; y2g = 4 > min fx1; x2g = 3. Now, note that the convex combi-
nation of (y1; y2) = (0; 4) and (z1; z2) = (4; 0) with �, will give us values
between 0 and 4. Graphically, since we examine commodity bundles in R2,
(0, 4) lies on the vertical axis while (4, 0) lies on the horizontal axis; thus im-
plying that their convex combination is a downward diagonal line convexity
the two points, as depicted in the following �gure.

For instance, for intermediate values of � (such as � = 1
2
) we have that

max

�
1

2
0 +

1

2
4;
1

2
4 +

1

2
0

�
= max f2; 2g = 2;

which does not exceed min f3; 3g = 3. Hence, the preference relation is not
convex.

5. LNS. Consider the bundle (x1; x2) = (1; 0). To establish LNS we must �nd
a pair (y1; y2) 2 R2 such that (y1; y2) it is arbitrarily close to (x1; x2), and
(y1; y2) � (x1; x2) strictly. In order to obtain (y1; y2) � (x1; x2) we need that
(y1; y2) % (x1; x2) and (x1; x2) � (y1; y2). By the preference relation in this
example, the �rst condition implies max fy1; y2g > min fx1; x2g, whereas the
second condition impliesmax fx1; x2g <min fy1; y2g. However,min fx1; x2g =
0 and max fx1; x2g = 1. This implies that the above two conditions can be
rewrite as

max fy1; y2g > 0 and 1 < min fy1; y2g
or, more compactly, as max fy1; y2g > min fy1; y2g > 1. As a consequence,
both coordinates in bundle (y1; y2) must exceed 1 for this condition to be
ful�lled, and points to the northeast of (1; 1) cannot be found to be arbitrarily
close to (x1; x2) = (1; 0). Hence, this preference relation does not satisfy LNS.

3. Strictly Convex Preferences. Consider strictly convex preferences de�ned on the
consumption set X = R2+.
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(a) Suppose Alex has a utility function U(x) = (1 + x1)(1 + x2): Show that his
preferences are convex. Are his preferences strictly convex?

� The logarithm of U(x) is well de�ned over R2+: De�ne

u(x) = lnU(x) = ln(1 + x1) + ln(1 + x2):

Because each term on the right-hand side is concave it follows from the pre-
vious exercise that preferences are convex. Indeed, because ln(1 + xj) is
a strictly concave function, u(x) is strictly concave and so preferences are
strictly convex.

(b) Bev has a utility function U(x) = x1x2: Are her preferences convex or strictly
convex?

� For all x > 0 the logarithm of U(x) is well de�ned and strictly concave. Then
preferences are strictly convex. It follows that for all strictly positive bundles
x0 and x1, with convex combination x� � (1� �)x0 + �x1 where 0 < � < 1,
such that U(x1) � U(x0), we must have

U(x�) > U(x0):

Thus the utility function is quasi-concave and preferences are convex.
� Note that if bundles x0 and x1 contain only positive amounts of opposite
goods, i.e., x0 = (0; a) and x1 = (0; b) where a; b > 0, then utility levels of
consuming these bundles are all zero,

U(x0) = U(x1) = 0

as well as the utility level of their convex combination, x� � (1� �)x0+ �x1,
i.e., U(x�) = 0. Hence, that preferences are not strictly convex.

4. Quasi-Linear Preference. Write the (n+ 1)�dimensional consumption vector x as
(y; z) where y is a scalar and z is an n�dimensional consumption vector. A utility
function U(x) is quasi-linear if it can be written as follows U(x) = �y + V (z). The
consumption set X = Rn+1+ :

(a) Show that if V is concave, U is quasi-concave.

� Because a linear function is concave it follows that if V (z) is concave, the
sum U(x) = �y + V (z) is concave and hence quasi-concave.

(b) Show that if U is quasi-concave, V is concave.

� Hint : Suppose that for some x0; x1; x�; concavity fails; that is, V (x�) <
(1 � �)V (x0) + �V (x1). Choose y0; y1 such that U(x0) = U(x1) and show
that U(x�) < U(x0):

� For any vectors z0; z1, choose y0; y1 so that the utility level of (y0; z0) coincides
with that of (y1; z1), that is

U(y0; z0) = y0 + V (z0) = y1 + V (z1) = U(y1; z1):

If U is quasi-concave, then U(y�; z�) � U(y0; z0) and U(y�; z�) � U(y1; z1),
where y� � (1� �)y0 + �y1 and z� � (1� �)z0 + �z1.
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� Multiplying the �rst inequality by (1� �) and the second by �, we obtain

U(y�; z�) = y� + V (z�) � (1� �)(y0 + V (z0)) + �(y1 + V (z1))
= y� + (1� �)V (z0) + �V (z1):

Subtracting y� from both sides, it follows that V is concave.

5. Rubinstein. Problem set 2, Exercise 3.

� Let us construct inductively the sequence f(xn; zn;mn)g as follows: Let us start
by de�ning initial points x0 = x and z0 = z, and their midpoint m0 =

1
2
x0 +

1
2
z0.

Several possibilities must be considered when comparing the midpoint mn and
any bundle y 2 X.
� If mn � y, then we found the point that we looked for.
� If mn � y, let xn+1 = mn, zn+1 = zn, and their midpoint mn+1 =

1
2
xn+1 +

1
2
zn+1. In this case, xn � y � zn for all n. In addition, both sequences (xn)
and (zn) converge to some midpointm� which lies between x and z. Therefore,
since the preference relation is continuous, then m� % y and y % m�, which
thus implies m� � y, as required.

� If y � mn, let xn+1 = xn, zn+1 = mn, and their midpoint mn+1 =
1
2
xn+1 +

1
2
zn+1. (A similar argument as above applies, producingm� � y, as required.)

6. Rubinstein. Problem set 2, Exercise 4.

� Let x �� y, which entails that max fx1; x2g > max fy1; y2g. Therefore, we can
�nd a scalar � > 0 such that

max fx1; x2g > (1 + �)max fy1; y2g :

Hence, when n is large enough, we have

[max fx1; x2g]n > 2 [max fy1; y2g]n :

Finally,
xn1 + x

n
2 � [max fx1; x2g]

n > 2 [max fy1; y2g]n � yn1 + yn2
which implies that x �n y for n large enough.

7. Rubinstein. Problem set 2, Exercise 5.

� See scanned pages at the end of this answer key.

8. Rubinstein. Problem set 2, Exercise 6.

� See scanned pages at the end of this answer key.
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