
EconS 503 - Microeconomic Theory II
Homework #5 - Answer Key.

1. [FPA under complete information] Consider a �rst-price auction (FPA) with two
bidders, 1 and 2, with the following valuations for the object: v1 = 5 for bidder 1 and
v2 = 3 for bidder 2. Assume that bidders observe each others�valuations, and that
they can only submit one of the following three bids: bi = 0, bi = 2, or bi = 4. In
addition, assume that if there is a tie, the object is not assigned to any bidder.

(a) Represent the above complete information game with a payo¤ matrix.

� The auction is represented with the following payo¤ matrix.

Bidder 2

Bidder 1

b2 = 0 b2 = 2 b2 = 4
b1 = 0 0; 0 0; 1 0;�1
b1 = 2 3; 0 0; 0 0;�1
b1 = 4 1; 0 1; 0 0; 0

(b) Which bidding strategies survive IDSDS?

� There are no strictly dominant strategies for either player. If we allow the
elimination of weakly, rather than strictly, dominated strategies, we can elim-
inate a bid of b2 = 4 for player 2, and then b1 = 0 for player 1. In the
reduced-form game that arises after these deletions, player 2 obtains a payo¤
of 0 regardless of the bid he submits, thus implying that he is indi¤erent
among all his available strategies (i.e., all his remaining strategies are opti-
mal). Hence, after applying IDWDS we obtain an equilibrium prediction of
(b1; b2) = (2; 0). In this equilibrium, player 1 wins the auction and obtains a
utility of v1 � b1 = 5� 2 = $3.

(c) Which bidding strategies can be sustained as Nash equilibria?

� Let the probability pro�le

fp; qg = f(p1; p2; 1� p1 � p2) ; (q1; q2; 1� q1 � q2)g

be a Nash Equilibrium in pure or mixed strategies, where p1 represents the
probability that player 1 submits a bid of b1 = 0, p2 denotes the probability
that player 1 submits a bid of b1 = 2, and 1�p1�p2 represents the probability
that player 1 submits b1 = 4. We use a similar notation for probabilities q1,
q2, and 1� q1 � q2 for player 2�s bids.

� Let us �rst consider the case in which p1 > 0. If player 1 submits a bid
b1 = 0 with positive probability, the best response of player 2 is to bid b2 = 2
(the available bid immediately higher than zero) with full probability, i.e.,
q2 = 1. But then player 1�s best response would be to submit b1 = 4 with
full probability, thus entailing p1 = p2 = 0. Hence, we just showed that there
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can be no equilibrium in which p1 > 0, that is, strategies in which player 1
submits a bid of zero with strictly positive probability cannot be sustained
as equilibria. Therefore, any equilibria must satisfy that p1 = 0, i.e., player 1
never assigns a positive probability to submitting a bid of zero.

� Let us now consider the case in which 1�q1�q2 > 0, that is, strategy pro�les
in which player 2 assigns a strictly positive probability to bid b2 = 4. This
bid is only optimal for player 2 if player 1 submits a bid of b1 = 4 with
certainty, i.e., p1 = p2 = 0. Hence, equilibria satisfying these property can be
summarized as

fp; qg = f(0; 0; 1); ((q1; q2; 1� q1 � q2))g where 1� q1 � q2 > 0

In order to determine the remaining equilibria, we only need to consider
strategy pro�les in which player 1 chooses a bid of b1 = 2 or b1 = 4, i.e.,
p = (0; p2; 1 � p2); and player 2 chooses a bid of b2 = 0 or b2 = 2, i.e.,
q = (q1; 1 � q1; 0). Note that strategy q for player 2 is a best response to
p from player 1, since player 2 obtains the same payo¤ of zero, and cannot
strictly improve his payo¤ by using a di¤erent mixing strategy.

� Summarizing, the psNEs are

fp; qg = f(0; 1; 0); (1; 0; 0)g and fp; qg = f(0; 0; 1); (0; 1; 0g

In addition, msNEs are

fp; qg = f(0; 0; 1); (q1; 1� q1; 0)g

as long as 3q1 � 1, or q1 � 1
3
. Finally, the msNEs in which player 1 submits

bids b1 = 2 and b1 = 4 with positive probability are

fp; qg =
�
(0; p2; 1� p2);

�
1

3
;
2

3
; 0

��
for any probability p2 2 (0; 1):

2. [Expected utilities in two auctions] Consider an auctioneer o¤ering an object to
two bidders, 1 and 2. Every bidder i�s valuation is distributed in vi � [10; 20], which is
common knowledge among bidders and the seller. Assuming that bidder 1�s valuation
is v1 = 16, identify bidder 1�s expected utility if the object is sold using:

(a) An English auction. [Recall that this type of auction is equivalent to a second-
price auction, SPA]

� The probability that bidder 1 wins the auction is equal to the probability
that his valuation, 16, is higher or equal than that of all other bidders, that
is

F (16) =
16� 10
20� 10 = 0:6
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Hence, bidder 1 wins if his valuation is higher than that of bidder 2, i.e.,
16 > v2, and in that case he pays v2. In expected terms, player 1�s expected
price is

1

0:6

Z 16

10

0:1v2dv2 =
1

0:6
0:1

1

2
(v2)

2

����16
10

= 13

Therefore, bidder 1�s expected payo¤ in this auction is

0:6(16� 13) + 0:4(0) = 1:8

(b) A FPA where every bidder submits a bid that is linear in his valuation, i.e.,
bi(vi) = �i + �ivi, where parameters �i and �i satisfy �i; �i > 0.

� If the seller uses a FPA and every bidder i uses a linear bidding function
bi(vi) = �i + �ivi, the probability that bidder 1 wins the auction is

Pr(b2 < b1) = Pr(�2 + �2v2 < b1)

Solving for v2 in the second term, yields

= Pr

�
v2 <

b1 � �2
�2

�
= F

�
b1 � �2
�2

�
and since we are using a uniform distribution for valuations, this probability
can be expressed as

=

b1��2
�2

� 10
20� 10

Therefore, bidder 1 chooses a bid b1 that solves the following expected utility
maximization problem

max
b1�0

b1��2
�2

� 10
20� 10 (16� b1)

Taking FOC with respect to b1 yields

0:1

�
1

�2
(16� b1)�

�
b1 � �2
�2

� 10
��

= 0

Solving for bid b1, we obtain an optimal bid of

b1 =
�2 + 10�2

2
+ 8

Since bidder 1�s valuation is v1 = 16, then �1 =
�2+10�2

2
, and �1 =

1
2
. If we

consider a symmetric equilibrium, then

�1 = �2 =
1

2

which entails that �1 + 1
2
16 =

�2+10
1
2

2
+ 8, which simpli�es to

�1 =
�2 + 5

2
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Finally, by symmetry, �1 = �2+5
2
= �1+5

2
, entailing �1 = �2 = 5. Therefore,

the probability that player 1 wins the auction is

Pr(b2 < b1) =

�
b1 � �2
�2

� 10
�
0:1 =

=

�
�1 + �2v2 � �2

�2
� 10

�
0:1 = 0:6

and the price that bidder 1 expects to pay for the good (which happens when
v2 < 16) given his linear bidding function is

b1 = 5 +
1

2
16 = $13

yielding a expected utility for bidder 1 of 0:6(16� 13) = $1:8.

3. [An application of the Revenue Equivalence Theorem] In 1991 US Vice-President
Quayle proposed that the loser in lawsuit be required to transfer an amount equal to
her legal expense to the winner. Quayle claimed this would reduce the amount spent
on legal services. (Under current US rules each party pays its own legal costs.) Let
us model this argument by assuming that each party i = 1; 2 has a privately observed
value vi for winning a lawsuit, which is independently drawn from cdf F (v) (where
we assume that F (v) = 0 at the lowest value v). The two parties independently and
simultaneously decide how much to spend on legal services, and the party that spends
the most money wins.

(a) Obtain an expression for the amount each player spends under current US rules,
by using revenue equivalence with an ascending auction for the prize of winning
the lawsuit. What additional assumption(s), if any, did you have to make to use
the revenue equivalence theorem?

(b) Without doing any more calculations, use our model to evaluate Quayle�s claim.
What additional assumption(s), if any, have you made?

(c) In European legal systems the loser usually pays a fraction of the winner�s actual
expense. Without doing nay more calculations do you think this rule will increase
or reduce expected legal expenses?

(d) Use the revenue equivalence theorem to obtain a di¤erential equation for the
amount l(v) each party spends under Quayle�s rules. Show that

l(v) =
v2

3

3� v
(2� v)2

satis�es your equation when F (v) = v

(e) Very brie�y, describe in words how satisfactory is the model.

� See answer key at the end of this handout.

2. [Public Good Game meets War of Attrition] Exercise 6.7 from Fudenberg and
Tirole.

� See answer key at the end of this handout.
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EconS 503 – Homework #5 

Answer key 

 

Exercise 4 - Revenue Equivalence Theorem. An Application to Law. 

 (a) In ascending auction, bidder i’s unconditional expected payment is  

Pr�𝑣𝑣𝑖𝑖 > 𝑣𝑣𝑗𝑗� 𝐸𝐸[𝑣𝑣𝑗𝑗�𝑣𝑣𝑖𝑖 > 𝑣𝑣𝑗𝑗] =𝐹𝐹(𝑣𝑣𝑖𝑖)� 𝑥𝑥
𝑓𝑓(𝑥𝑥)
𝐹𝐹(𝑣𝑣𝑖𝑖

𝑑𝑑𝑥𝑥
𝑣𝑣𝑖𝑖

𝑣𝑣
= � 𝑥𝑥𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥

𝑣𝑣𝑖𝑖

𝑣𝑣
 

(or, integrating by parts, 𝑣𝑣𝑖𝑖𝐹𝐹(𝑣𝑣𝑖𝑖) − ∫ 𝐹𝐹(𝑥𝑥)𝑑𝑑𝑥𝑥)𝑣𝑣𝑖𝑖
𝑣𝑣 . 

By revenue equivalence, i’s unconditional expected payment is the same in an “all-pay” auction 
(i.e., under current US rules) 

We assumed that 𝐹𝐹(∙) is strictly increasing and atomless, that bidders are risk-neutral, and that 
the “all-pay” equilibrium is symmetric and increasing with type 𝑣𝑣 bidding zero. 

 

(b) Revenue equivalence implies that the expected legal expenses of a bidder with value v are the 
same under both rules, assuming Quayle’s rules also result in a symmetric and increasing 
equilibrium with type 𝑣𝑣 bidding zero (this is justified in part d of the exercise).  

 

(c) Now the expected payments of the lowest type are positive, since that type will lose and pay 
some of the opponent’s cost. So every type’s expected legal expenses are higher (by the 
expectation of the lowest type’s payment, since the incentive compatibility condition is 
unchanged for every type) (assuming a symmetric, increasing, equilibrium, etc,; see part e). 

 

(d) Under Quayle’s rules, spending 𝑙𝑙(𝑣𝑣𝑖𝑖) yields total expected payment  

𝐸𝐸(𝑖𝑖′𝑠𝑠 payment)= 𝑙𝑙(𝑣𝑣𝑖𝑖) + �1 − 𝐹𝐹(𝑣𝑣𝑖𝑖)�𝑙𝑙(𝑣𝑣𝑖𝑖) − 𝐹𝐹(𝑣𝑣𝑖𝑖)∫ 𝑙𝑙(𝑥𝑥)𝑣𝑣𝑖𝑖
𝑣𝑣

𝑓𝑓(𝑥𝑥)
𝐹𝐹(𝑣𝑣𝑖𝑖)

𝑑𝑑𝑥𝑥. 

 

Using parts (a) and (b) we also have 𝐸𝐸(𝑖𝑖′𝑠𝑠 payment)= ∫ 𝑥𝑥𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥𝑣𝑣𝑖𝑖
𝑣𝑣 . Equating these two 

expressions yields a differential equation which is satisfied by the (increasing) function  

Direct Cost Pr (𝐿𝐿𝐿𝐿𝑠𝑠𝐿𝐿) ∗ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑠𝑠𝑓𝑓𝐿𝐿𝑇𝑇 Pr (𝑊𝑊𝑖𝑖𝑇𝑇) ∗ 𝐸𝐸(𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑠𝑠𝑓𝑓𝐿𝐿𝑇𝑇|𝑊𝑊𝑖𝑖𝑇𝑇) 
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𝑙𝑙(𝑣𝑣𝑖𝑖) =
𝑣𝑣𝑖𝑖2

3
3 − 𝑣𝑣𝑖𝑖

(2 − 𝑣𝑣𝑖𝑖)2
 

if 𝐹𝐹(𝑣𝑣𝑖𝑖) = 𝑣𝑣𝑖𝑖 (noting that ∫ 𝑙𝑙(𝑥𝑥)𝑑𝑑𝑥𝑥𝑣𝑣𝑖𝑖
0 = [𝑣𝑣𝑖𝑖

3

3
6(2 − 𝑣𝑣𝑖𝑖)]). 

 

(e) A party’s deservingness may influence the judgement, as may other asymmetries, risk 
aversion, etc. 

Furthermore, which lawsuits are brought is a crucial issue not captured in the model. In 
particular, under the European systems low types will prefer not to participate (see part c). This 
suggests the number of trials will be lower. (But note that if in our model low types are permitted 
to withdraw, there can be no increasing equilibrium, so we no longer have revenue equivalence 
with an ascending auction.) 

However, the model does capture the intuition that the larger stakes in the European and the 
Quayle systems increase the incentives to spend. In the European system this means higher 
expenses. In Quayle’s it counteracts the fact that paying your lawyer another $1 may cost you $2. 
[See section Baye, Kovenock, and de Vries (1999) for further discussion.]1 

 

Exercise #5 - Public Good Game Meets War of Attrition 

(a) Suppose we have a symmetric equilibrium where a player with cost c supplies the good at 
date s(c) if it has not yet been supplied. 

Take 𝑐𝑐1 < 𝑐𝑐2. Informally, if a player with cost 𝑐𝑐1 prefers to stop at 𝑐𝑐1 but not 𝑐𝑐1 − 𝜖𝜖 he is 
indifferent to stopping at 𝑐𝑐1, so the gain from delaying expenditure must exactly balance the loss 
from obtaining the good later. A type 𝑐𝑐2 player has a greater expected benefit from delaying 
expenditure so at date 𝑠𝑠(𝑐𝑐1) he’d prefer to continue waiting.  

More formally, if 𝑠𝑠(𝑐𝑐2) < 𝑠𝑠(𝑐𝑐1) then as player 2 prefers to supply now 

1 − 𝑐𝑐2 ≥ 𝐸𝐸(𝑢𝑢𝑢𝑢𝑖𝑖𝑙𝑙𝑖𝑖𝑢𝑢𝑢𝑢 𝑤𝑤ℎ𝐿𝐿𝑇𝑇 𝑠𝑠𝐿𝐿𝑠𝑠𝐿𝐿𝐿𝐿𝑇𝑇𝐿𝐿 𝐿𝐿𝑙𝑙𝑠𝑠𝐿𝐿 𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠𝑙𝑙𝑖𝑖𝐿𝐿𝑠𝑠 𝑖𝑖𝑇𝑇 �𝑠𝑠�𝑐𝑐2, 𝑠𝑠(𝑐𝑐1)�� + 𝑠𝑠(1 − 𝑐𝑐2)𝐿𝐿−𝑟𝑟∆𝑡𝑡, 

where p is the probability that no one else supplies before 𝑠𝑠(𝑐𝑐1). Similarly 

1 − 𝑐𝑐1 ≤ 𝐸𝐸 �𝑈𝑈𝑢𝑢𝑖𝑖𝑙𝑙𝑖𝑖𝑢𝑢𝑢𝑢 𝑤𝑤ℎ𝐿𝐿𝑇𝑇 𝑠𝑠𝐿𝐿𝑠𝑠𝐿𝐿𝐿𝐿𝑇𝑇𝐿𝐿 𝐿𝐿𝑙𝑙𝑠𝑠𝐿𝐿 𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠𝑙𝑙𝑖𝑖𝐿𝐿𝑠𝑠 𝑖𝑖𝑇𝑇 �𝑠𝑠(𝑐𝑐2), 𝑠𝑠(𝑐𝑐1)�� + 𝑠𝑠(1 − 𝑐𝑐1)𝐿𝐿−𝑟𝑟∆𝑡𝑡. 

Subtracting, 
                                                           
1 Baye, Michael R & Kovenock, Dan & de Vries, Casper G, 1999. “The Incidence of Overdissipation in Rent-
Seeking Contests,” Public Choice, Springer, vol. 99(3-4), pages 439-54, June. 
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𝑐𝑐1 − 𝑐𝑐2 ≥ 𝑠𝑠𝐿𝐿−𝑟𝑟∆𝑡𝑡(𝑐𝑐1 − 𝑐𝑐2) 

which simplifies to  

𝑐𝑐1 ≥ 𝑐𝑐2. 

(b) When the other players supply at date 𝑠𝑠(𝑐𝑐), a player who pretends to have cost 𝑐𝑐′ (and 
supplies at 𝑠𝑠(𝑐𝑐′)) has utility  

           𝐸𝐸𝑢𝑢(𝑐𝑐, 𝑐𝑐′) = (1 − 𝑐𝑐)𝐿𝐿−𝑟𝑟𝑟𝑟�𝑐𝑐′��1 − 𝑃𝑃(𝑐𝑐′)�
𝐼𝐼−1

+ ∫ 𝐿𝐿−𝑟𝑟𝑟𝑟(𝑥𝑥)(𝐼𝐼 − 1)𝑠𝑠(𝑥𝑥)�1 − 𝑃𝑃(𝑥𝑥)�
𝐼𝐼−2

𝑑𝑑𝑥𝑥𝑐𝑐′
0 . 

Differentiating with respect to  𝑐𝑐′ and setting the derivative at c to zero gives 

(1 − 𝑐𝑐)𝐿𝐿−𝑟𝑟𝑟𝑟(𝑐𝑐) ��1 − 𝑃𝑃(𝑐𝑐)�
𝐼𝐼−2(𝐼𝐼 − 1)�−𝑠𝑠(𝑐𝑐)� + �1 − 𝑃𝑃(𝑐𝑐)�

𝐼𝐼−1
�−𝑠𝑠′(𝑐𝑐)�� 

+𝐿𝐿−𝑟𝑟𝑟𝑟(𝑐𝑐)(𝐼𝐼 − 1)𝑠𝑠(𝑐𝑐)�1− 𝑃𝑃(𝑐𝑐)�
𝐼𝐼−2

= 0 

Factoring out 𝐿𝐿−𝑟𝑟𝑟𝑟(𝑐𝑐)�1 − 𝑃𝑃(𝑐𝑐)�
𝐼𝐼−2

 and simplifying gives 

𝑠𝑠′(𝑐𝑐) = (𝐼𝐼−1)𝑐𝑐𝑐𝑐(𝑐𝑐)
𝑟𝑟�1−𝑃𝑃(𝑐𝑐)�(1−𝑐𝑐). 

A person with zero cost has supplying immediately as a dominant strategy so 𝑠𝑠(0) = 0 and  

𝑠𝑠(𝑐𝑐) = (𝐼𝐼 − 1)∫ 𝑥𝑥𝑐𝑐(𝑥𝑥)
�1−𝑃𝑃(𝑥𝑥)�(1−𝑥𝑥)

𝑑𝑑𝑥𝑥𝑐𝑐
0 . 

Clearly this is 𝐼𝐼 − 1 times the value we would get if we set 𝐼𝐼 = 2. 
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