
EconS 503 - Advanced Microeconomics II
Homework #3 - Answer key

Exercise #3

A government and an agent are involved in the following strategic context. The agent must
choose an action a from the set A = f0; 1g. The government would like to in�uence the
agent�s choice. To try to do so, the government publicly announces, before the agent selects
her action, a monetary transfer rule t : A! R that is to be automatically implemented after
the agent has made her decision. For simplicity, assume that the monetary transfers induced
by t (i.e., the values of t(a), for each a 2 A) can take only two values: zero and a certain
�xed positive value, which is normalized to one.
Suppose that the objective of the government is to maximize Ug(a; t) � 2a� t, and that of
the agent is to maximize Ua(a; t) � t� c(a), where c(a) is the (monetary) cost of her action.
In this latter respect, postulate that c(0) = 0 and c(1) = 1

2
.

a) Represent the game in extensive form under the assumption the transfer rule cannot
depend on the agent�s choice

Answer:

When the government cannot set the transfer rule on the agent�s choice, the amount of the
transfer, k (which is normalized to one) is set during the �rst period, and regardless of the
agent�s action, is transfered to the agent. The extensive form game is represented below:

Government

Agent

0 k

Agent

0 1 0 1

0
0

2
½

k
k

2  k
k  ½

It is clear that in both of the Agent�s subgames, he will prefer to select the Action 0 (Since
0 > �1

2
and k > k � 1

2
). Moving up the tree, the Government will then choose to o¤er

no transfer payment, since 0 > �k. Thus, the subgame perfect Nash Equilibrium can be
expressed as (0; (0; 0)).
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b) Represent the game in extensive form when the government can choose a transfer rule
that depends on the agent�s choice

Answer:

In this game, the government will only give transfer to the agent if the agent�s actions are
in line with what the government wishes. In this case, the game tree can be represented as
follows

Government

Agent

No
Transfer t(a)

Agent

0 1 0 1

0
0

2
½

0
0

2  k
k  ½

The Agent�s �rst subgame on the left is identical to the one in part (a), and 0 is the preferred
action. In the right subgame, however, the agent now prefers to choose 1 since k� 1

2
= 1

2
> 0.

Moving up the tree, the Government now prefers the transfer, as 2� k = 1 > 0. Thus, the
subgame perfect Nash Equilibrium is (t(a); (0; 1)).

c) De�ne, for each of the two scenarios considered, the strategy spaces of each player
(government and agent) and represent the game in strategic form.

Answer:

In part (a), the government has two strategies, f0; kg as opposed to the Agent�s four strategy
sets, f(0; 0); (0; 1); (1; 0); (1; 1)g. The strategic (normal) form representation of this game is

Agent

Government

(0; 0) (0; 1) (1; 0) (1; 1)
0 0;0 0;0 2;�1

2
2;�1

2

k �k;k 2� k; k � 1
2

�k;k 2� k; k � 1
2

With only one pure strategy Nash Equilibrium, (0; (0; 0)).
In part (b), the government has two strategies, (No transfer, t(a)) as opposed to the Agent�s
four strategy sets, f(0; 0); (0; 1); (1; 0); (1; 1)g. The strategic (normal) form representation of
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this game is

Agent

Government

(0; 0) (0; 1) (1; 0) (1; 1)
No Transfer 0;0 0;0 2;�1

2
2;�1

2

t(a) 0; 0 2� k;k � 1
2

0; 0 2� k;k � 1
2

With two pure strategy Nash Equilibria, (No Transfer, (0; 0)) and (t(a); (0; 1)).

d) Find, for both scenarios, the Nash and Subgame-Perfect equilibria and discuss their
salient features.

Answer:

The equilibria can be seen in their respective sections. What is of note is that there are
two psNE in the game in part (b). The (No Transfer, (0; 0)) could be seen as an incredible
threat, as the agent would be acting irrationally if it chose to perform the low action in the
presence of a transfer conditioned on the high action.
Otherwise, being able to condition the transfer on the action allows the government to get
its preferred result while still making the agent better o¤ than taking no action at all.
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Vertical differentiation [This exercise is based on McCannon (2008).1] 

a) We first find the consumer who is indifferent between buying from firm 1 and 2. His utility 
must satisfy  

𝑟𝑟 − 𝑝𝑝1 + 𝜃𝜃�𝑠𝑠1 = 𝑟𝑟 − 𝑝𝑝2 + 𝜃𝜃�𝑠𝑠2. 

Solving for 𝜃𝜃�  gives 

𝜃𝜃� = 𝑝𝑝2−𝑝𝑝1
𝑠𝑠2−𝑠𝑠1

   where  𝜃𝜃� ∈ �𝜃𝜃,𝜃𝜃�. 

Hence, consumers of type  𝜃𝜃 > 𝜃𝜃� buy the high-quality products 𝑠𝑠2 whereas consumers of type 
𝜃𝜃 < 𝜃𝜃� buy the low-quality product 𝑠𝑠1. That is, the demand of low-quality products is given by 
the mass of consumers from the lower bound 𝜃𝜃 to 𝜃𝜃�, i.e., 𝑞𝑞1 = 𝜃𝜃� − 𝜃𝜃, while the demand for high 
quality goods is the remaining 𝑞𝑞2 = 𝜃𝜃 − 𝜃𝜃�.  

Therefore, we can use these demands (evaluated at 𝜃𝜃� = 𝑝𝑝2−𝑝𝑝1
𝑠𝑠2−𝑠𝑠1

) to obtain profits, as follows: 

𝜋𝜋1(𝑝𝑝1,𝑝𝑝2; 𝑠𝑠1, 𝑠𝑠2) = (𝑝𝑝1 − 𝑎𝑎𝑠𝑠1) �
𝑝𝑝2 − 𝑝𝑝1
𝑠𝑠2 − 𝑠𝑠1

− 𝜃𝜃�, 

𝜋𝜋2(𝑝𝑝1,𝑝𝑝2; 𝑠𝑠1, 𝑠𝑠2) = (𝑝𝑝2 − 𝑎𝑎𝑠𝑠2) �𝜃𝜃 −
𝑝𝑝2 − 𝑝𝑝1
𝑠𝑠2 − 𝑠𝑠1

�. 

where the difference between prices must satisfy  𝜃𝜃(𝑠𝑠2 − 𝑠𝑠1) ≤ 𝑝𝑝2 − 𝑝𝑝1 ≤ 𝜃𝜃(𝑠𝑠2 − 𝑠𝑠1). 

We can now take first-order conditions, to obtain 

𝜕𝜕𝜋𝜋1
𝜕𝜕𝑝𝑝1

=
1

𝑠𝑠2 − 𝑠𝑠1
�𝑝𝑝2 − 2𝑝𝑝1 + 𝑎𝑎𝑠𝑠1 − 𝜃𝜃(𝑠𝑠2 − 𝑠𝑠1)� = 0,

𝜕𝜕𝜋𝜋2
𝜕𝜕𝑝𝑝2

=
1

𝑠𝑠2 − 𝑠𝑠1
�𝑝𝑝1 − 2𝑝𝑝2 + 𝑎𝑎𝑠𝑠2 + 𝜃𝜃(𝑠𝑠2 − 𝑠𝑠1)� = 0.

 

Simultaneously solving for 𝑝𝑝1 and 𝑝𝑝2, yields 

𝑝𝑝1∗ =
1
3
�𝜃𝜃 − 2𝜃𝜃�(𝑠𝑠2 − 𝑠𝑠1) +

1
3
𝑎𝑎(2𝑠𝑠1 + 𝑠𝑠2), 

𝑝𝑝2∗ =
1
3
�2𝜃𝜃 − 𝜃𝜃�(𝑠𝑠2 − 𝑠𝑠1) +

1
3
𝑎𝑎(𝑠𝑠1 + 2𝑠𝑠2). 

We can now plug these prices into the expression of the indifferent consumer, 𝜃𝜃� = 𝑝𝑝2−𝑝𝑝1
𝑠𝑠2−𝑠𝑠1

, to 

obtain 
                                                           
1 McCannon, Bryan (2008) “The Quality—Quantity Trade-off,” Eastern Economic Journal, Vol. 34 (1), pp. 95-100. 



𝜃𝜃� =
𝑝𝑝2∗ − 𝑝𝑝1∗

𝑠𝑠2 − 𝑠𝑠1
=

1
3

(𝜃𝜃 + 𝜃𝜃 + 𝑎𝑎) 

and we check that it lies between 𝜃𝜃 and 𝜃𝜃 given the initial assumption on 𝜃𝜃. It follows that the 
equilibrium quantities are equal to  

𝑞𝑞1∗ = 𝜃𝜃� − 𝜃𝜃 = 1
3
�𝜃𝜃 + 𝜃𝜃 + 𝑎𝑎� − 𝜃𝜃 = 1

3
(𝜃𝜃 − 2𝜃𝜃 + 𝑎𝑎)   and 

 𝑞𝑞2∗ = 𝜃𝜃 − 𝜃𝜃� = 𝜃𝜃 − 1
3

(𝜃𝜃 + 𝜃𝜃 + 𝑎𝑎) = 1
3
�2𝜃𝜃 − 𝜃𝜃 − 𝑎𝑎�. 

Finally, we can then compute the equilibrium profits at stage 2: 

𝜋𝜋1∗(𝑠𝑠1, 𝑠𝑠2) = 1
9

(𝑠𝑠2 − 𝑠𝑠1)�𝜃𝜃 − 2𝜃𝜃 + 𝑎𝑎�
2
, 

𝜋𝜋2∗(𝑠𝑠1, 𝑠𝑠2) =
1
9

(𝑠𝑠2 − 𝑠𝑠1)�2𝜃𝜃 − 𝜃𝜃 − 𝑎𝑎�
2

. 

b) In order to determine each firm’s quality choice in the first stage of the game, note that both 
profits 𝜋𝜋1∗(𝑠𝑠1, 𝑠𝑠2) and 𝜋𝜋2∗(𝑠𝑠1, 𝑠𝑠2) found in part (a) increase with the quality difference 
(𝑠𝑠2 − 𝑠𝑠1). Hence, for a given quality from firm 𝑖𝑖, 𝑠𝑠𝑖𝑖, firm 𝑗𝑗 has incentives to set 𝑠𝑠𝑗𝑗 as far 
away from 𝑠𝑠𝑖𝑖 as possible. Since firm 𝑖𝑖 has similar incentives for a given 𝑠𝑠𝑗𝑗, the only stable 
strategy profiles (where firms have no incentives to deviate) are those in which firm 1 sets 
the highest quality level and firm 2 sets the lowest quality level, and viceversa, that is 

(𝑠𝑠1, 𝑠𝑠2) = �𝑠𝑠, 𝑠𝑠�  and  (𝑠𝑠1, 𝑠𝑠2) = �𝑠𝑠, 𝑠𝑠� 
 

c) Looking at the equilibrium demands of each firm found in part (a), 𝑞𝑞1∗ and 𝑞𝑞2∗, note that, as 
parameter 𝑎𝑎 increases, the high-quality firm sells less and the low-quality firm sells more. 
This is because an increase in 𝑎𝑎 disproportionately affects the marginal cost of production of 
the high-quality producer. A stronger trade-off also pushes up the price of both goods as the 
marginal cost of production is increased for both firms.  
 

[Entry deterrence before Bertrand competition] 

a) In a Nash equilibrium, both firms will charge prices equal to 0. This is the only pair of 
prices which no firm can benefit from deviation. If prices are negative, firms lose money 
and are better off charging 0 (in which case they do not lose money). If prices are 
positive, it pays to cut the price by a penny below the price of the rival and, thereby, 
capture the entire market. Hence, if entry requires even a small initial investment, firm 2 
will choose to stay out. 

b) Fighting firm 2. If firm 1 fights, it charges a price that coincides with that of its rival, i.e., 
𝑝𝑝1 = 𝑝𝑝2, and captures the entire market because when both firms set equal prices, all 



consumers prefer to buy from firm 1 (by assumption). Firm 1’s profits from fighting are 
then 

𝜋𝜋1𝐹𝐹 = (𝑎𝑎 − 𝑝𝑝2)𝑝𝑝2. 
Firm 2 obtains zero profits and, hence, would prefer to stay out.  
 
Accommodating firm 2. If firm 1 accommodates firm 2, its residual demand is 

𝑄𝑄1 = 𝑎𝑎 − 𝑞𝑞2 − 𝑝𝑝1. 
The problem of firm 1 is to maximize 𝑝𝑝1𝑄𝑄1. The price that maximizes firm 1’s profit is 
𝑝𝑝1∗ = (𝑎𝑎 − 𝑞𝑞2)/2 , so firm 1’s profit from accommodating is 

𝜋𝜋1𝐴𝐴 = (𝑎𝑎−𝑞𝑞2)2

4
. 

In this case, firm 2 earns 𝑝𝑝2𝑞𝑞2 > 0 and hence would choose to enter. 
 
Comparison. We need to compare the profits from fighting and accommodating, 𝜋𝜋1𝐹𝐹  and 
𝜋𝜋1𝐴𝐴. This comparison reveals that, for each 𝑝𝑝2, the largest capacity 𝑐𝑐2 that firm 2 can 
choose without inducing firm 1 to fight it is 

𝑐𝑐2(𝑝𝑝2) = 𝑎𝑎 − 2�(𝑎𝑎 − 𝑝𝑝2)𝑝𝑝2. 
where capacity 𝑐𝑐2(𝑝𝑝2) is decreasing in 𝑝𝑝2 if 𝑝𝑝2 > 𝑎𝑎/2 and increasing otherwise.  
Finally, to determine whether price 𝑝𝑝2 is above or below 𝑎𝑎/2, note that the entrant’s 
profit is 𝑝𝑝2𝑐𝑐2(𝑝𝑝2). Therefore:  

• If 𝑝𝑝2 < 𝑎𝑎/2, then since capacity 𝑐𝑐2(𝑝𝑝2) is increasing in 𝑝𝑝2, and the entrant would 
want to raise 𝑝𝑝2 as much as possible since both his capacity and his profit per unit 
will increase. This happens until 𝑝𝑝2 = 𝑎𝑎/2.  

• Thus, in equilibrium, it must be the case that 𝑝𝑝2 > 𝑎𝑎/2, so that capacity 𝑐𝑐2(𝑝𝑝2) is 
decreasing in 𝑝𝑝2. 
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