
EconS 503 - Microeconomic Theory II
Homework #2 - Answer key

1. [NE, IDSDS, and IDWDS] Let strategy pro�le s� be a NE of gameG = fSi; uigi=1;2;:::;N ,
where strategy spaces are discrete for every player i, Si = fsi1; si2; :::; simg.

(a) Show that strategy pro�le s� must survive IDSDS.

� If s� = (s�1; ::: ; s�n) is a Nash Equilibrium, then s�i is player i�s best response
to s��i, i.e.,s

�
i 2 BRi

�
s��i
�
. As a consequence, s�i can only be obtained by

IDSDS if some of the strategies in s��i has been eliminated in previous rounds
of our application of IDSDS. Therefore, there is no player i eliminating his
Nash Equilibrium,thereby s�i be case of being strictly dominated, ultimately
implying that all equilibrium strategies in s� = (s�1; ::: ; s

�
n) survive IDSDS.

(b) Show that strategy pro�le s� does not necessarily survive IDWDS. (A counterex-
ample su¢ ces.)

� Let us now show that a NE strategy pro�le s�i does not necessarily survive
IDWDS. To show this, it is su¢ cient to provide a counterexample of a game
in which the application of IDWDS eliminates strategy pro�le that could be
sustained as NE. Consider, for instance, the following 2x2 game.

Player 2

Player 1

L R
U 2; 1 1; 0
D 1; 1 1; 1

If we apply IDWDS, we can see that D is weakly dominated for player 1 since
2 > 1 when player 2 chooses L, and 1 = 1 when player 2 chooses R. Once
we eliminate D according to IDWSD, we are left with the following reduced
matrix

Player 2

Player 1
L R

U 2; 1 1; 0

If we apply IDWDS gain, we can see that R is dominated by L for player 2
since 1 > 0. [While this dominance is strict, it relies on applying IDWDS
in the previous round, and thsu cannot be considered as part of IDSDS, but
IDWDS instead.] As a result, we �nd that, after deleting R for player 2, the
only strategy pro�le surviving IDWDS is (U;L) with associated payo¤ (2,1).
However, the set of psNE in this game is (U;L) and (D;R), thus indicating
that

If s� is NE; s� survive IDWDS

as required.
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� As a practice, note that the opposite side of implication does not necessary
hold either. To show that, considered a 2x2 game where a strategy pro�le s�

survives IDWDS, yet s� is not one of the NE of the game. [Hint: Consider
the matching pennies game, with all four strategy pro�les surviving IDWDS,
but none of them being NE; the game has a unique msNE.)

� As a graphical summary, the next graph depicts the relationship between
strategy pro�les surviving IDSDS, IDWDS and those being a NE.

2. [Cournot duopoly and welfare comparisons] Consider a Cournot duopoly with
two �rms facing inverse demand function

p(q1; q2) = a� q1 � q2

Firm i�s marginal cost is ci > 0, and �rms don�t face �xed costs. In addition, assume
that marginal costs of �rm 1 satisfy c1 < a while those of �rm 2 satis�es c2 < a+c1

2
, so

�rm 2 has a cost advantage relative to �rm 1.

(a) Find each �rm�s best response function.

� Each �rm i solves
max
qi�0

�i = (a� qi � qj) qi � ciqi

Taking �rst order conditions with respect to qi, we obtain

@�i
@qi

= a� 2qi � qj � ci = 0

Solving for qi yields �rm i�s best response function

qi(qj) =
a� ci
2

� 1
2
qj

where, as usual, a�ci
2
represents the vertical intercept of the best response

function, while �1=2 is its negative slope.
b. Find the Nash equilibrium of the game. Which is the market share of every �rm?
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� Using �rm i�s and j�s best response functions

qi(qj) =
a� ci
2

� 1
2
qj and qj(qi) =

a� cj
2

� 1
2
qi

Simultaneously solving for qi and qj yields the output pair

q�1 =
1

3
(a� 2c1 + c2) and q�2 =

1

3
(a� 2c2 + c1):

Given q�1 and q
�
2, the equilibrium market shares are:

�1 =
q�1

q�1 + q
�
2

=
a� 2c1 + c2
2a� c1 � c2

, and

�2 =
q�2

q�1 + q
�
2

=
a� 2c2 + c1
2a� c1 � c2

(b) Using your answer in part (b), determine equilibrium price, pro�ts, consumer
surplus, and social welfare (where social welfare is de�ned as the sum of consumer
surplus and the pro�ts of both �rms).

� It is easily seen from the �rst-order conditions that the equilibirum pro�ts
are equal to the square of the equilibrium quantities:

��1 =
1

9
(a� 2c1 + c2)2, and ��2 =

1

9
(a� 2c2 + c1)2

The consumer surplus is given by

CS� =

Z q�1+q
�
2

0

(a� q)dq � (a� q�1 � q�2)(q�1 + q�2)

=
1

2
(q�1 + q

�
2)
2 =

1

18
(2a� c1 � c2)2

Adding the three together, social welfare is

W � = CS� + ��1 + �
�
2 =

1

2
(q�1 + q

�
2) + (q

�
1)
2 + (q�2)

2

Plugging the equilibrium output levels, q�1 and q
�
2, in this expression, we obtain

W � =
8a2 + 11c21 � 8ac2 + 11c22 � 2c1 (4a+ 7c2)

18

d. Using the social welfare you found in part (c), determine under which conditions
social welfare increases/decreases in c2. Interpret.

� First approach: Di¤erentiating W � with respect to c2 yields

@W �

@c2
= (q�1 + q

�
2)
@(q�1 + q

�
2)

@c2
+ 2q�1

@q1
@c2

+ 2q�2
@q2
@c2

=
1

3

�
q�1 + q

�
2 � 6(q�2)2

�
= 2(q�1 + q

�
2)

�
1

6
� �2

�
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Hence, a small reduction in c2 increases W � if �2 > 1=6 and decrease W �

if �2 < 1=6. Note that the result that a cost reduction may be socially
undesirable was �rst demonstrated in Lahiri and Ono (1988).1

� Second approach: We can directly di¤erentiate expression

W � =
8a2 + 11c21 � 8ac2 + 11c22 � 2c1 (4a+ 7c2)

18

with respect to c2 (this is the approach many of you followed). Using this
approach, we obtain

@W �

@c2
=
11c2 � 4a� 7c1

9

Let us now solve 11c2�4a�7c1
9

= 0 for c2 in order to identify for which of values
of c2 the above derivative is positive. Solving for c2 yields

c2 =
4a+ 7c1
11

Hence, the derivative @W �

@c2
is positive as long as c2 > 4a+7c1

11
. We can �nally

check if the condition we just found, c2 > 4a+7c1
11

, is compatible with the
initial assumption of the exercise, c2 < a+c1

2
. For these two inequalities to

simultaneously hold, we need a+c1
2
> 4a+7c1

11
for all values of c1, which holds

since the di¤erence

a+ c1
2

� 4a+ 7c1
11

=
3 (a� c1)
22

is positive given that a > c1 by de�nition. Therefore, when c2 is relatively
low, i.e., 0 < c2 < 4a+7c1

11
, welfareW � decreases in c2 (alternatively, a decrease

in c2 increases social welfare). In contrast, when c2 is relatively high, a+c12 >
c2 >

4a+7c1
11

, welfare W � increases in c2 (that is, a decrease in c2 decreases
social welfare).

� Intuition:
�When �rm 2�s costs c2 are low, the market share of �rm 2 is really high
(�2 is high), and a marginal increase in c2 decreases W � (@W

�

@c2
< 0 with

respect to c2 when c2 is low).
�However, when c2 is relatively high, the market share of �rm 2 is small,
and a marginal increase in c2 now increases W � (@W

�

@c2
> 0 with respect to

c2 when c2 is high). In short, social welfare is non-monotonic in c2.
�That is why Lahiri and Ono�s (1988) article was titled "Helping minor
�rms reduces welfare" since a �rm with a small market share that sees
its cost, c2, marginally decrease produces an overall reduction in social
welfare.

1Sajal Lahiri and Yoshiyasu Ono (1988) "Helping Minor Firms Reduces Welfare," Economic Journal, vol.
98, issue 393, pp. 1199-1202.
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3. [Mixed strategy NE in a patent rate] Consider two �rms simultaneously choosing
an investment level in R&D, xi 2 f0; 1; :::; kg for every �rm i = f1; 2g where k > 2.
Assume that every �rm i�s pro�t function is

�i(xi; xj) =

�
Ri � xi if xi > xj, and

�xi otherwise

That is, �rm i obtains a revenue of Ri if it invests more than �rm j, i.e., it wins
the patent race, where Ri > k thus entailing a positive pro�t for all values of xi. In
contrast, if �rm i invests the same or less than �rm j, �rm i obtains no revenue from
the R&D investment.

(a) Show that the game has no pure strategy NE.

� We will rule out the existence of a Nash Equilibrium in pure strategies by
reviewing the various instances of pure strategy pro�le (ci; cj). We will divide
them into �ve possible cases and show that no pro�le in any of these cases is
a Nash equilibrium, since at least one of the �rms can improve its position if
it chooses a di¤erent level of investment than the one prescribed for it in the
pro�le.

� Case 1 : ci = cj = 0. In such a case, neither �rm either gains or loses. Since
cj = 0, �rm i can improve its position by making a positive investment cj > 0,
winning the patent and guaranteeing itself a positive pro�t.

� Case 2 : ci = cj > 0. In such a case, both �rms lose their investment. Given
that cj > 0, �rm i can improve its position by not investing at all, and
avoiding any loss.

� Case 3 : ci < cj < k. In such a case, �rm i does not win the patent and has
no positive pro�t. Given that cj < k, �rm i can guarantee itself a positive
pro�t by investing k and winning the patent.

� Case 4 : 0 < ci < cj = k. In this case, �rm i does not win the patent and
loses its investment. Given that cj = k, �rm i can avoid its loss by investing
0.

� Case 5 : 0 = ci < cj = k. In such a case, �rm j wins the patent, but with the
maximum possible investment. Since ci = 0, �rm j can increase its pro�ts if
it makes a positive investment smaller than k, that will guarantee its winning
the patent.

(b) Find a mixed strategy NE for every �rm i.

� Consider that �rm 1 adopts the strategy

p1 = (p
0
1; p

1
1; p

2
1; :::; p

k
1) =

�
1

r2
;
1

r2
;
1

r2
; :::; 1� k

r2

�
which, in words, says that �rm 1 mixes among all its pure strategies. In
particular, it chooses, with positive probability 1

r2
, not to make any investment

at all and to guarantee itself a payo¤ of 0.
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� In order to show that the above mixed strategy p1 is a best response of �rm 1
to the strategy: p2 = (p

0
1; p

1
1; p

2
1; :::; p

k
1) = (

1
r2
; 1
r2
; 1
r2
; :::; 1; 1� k

r2
) of �rm 2, we

mush ascertain that, given p2, �rm 1 is indi¤erent among its pure strategies
and that they all yield an expected payo¤ of 0 (like the strategy of refraining
from investment, which also guarantees a payo¤ of 0). This is indeed the
case: if �rm 1 chooses to invest an amount c2 > 0, it wins the patent and
makes a pro�t of r1� c1 as long as �rm 2 invests a smaller amount. But �rm
1 loses its investment if �rm 2 invests an identical or a larger amount. Given
p2, the expected payo¤ of �rm 1 is:

U1(c1; p2) = (r1 � c1)
c1�1X
n=0

pn2 + (�c1)
kX

n=c1

pn2

= (r1 � c1)
c1�1X
n=0

1

r1
+ (�c1)

k�1X
n=c1

1

r1
+ (�c1)

�
1� k

r1

�
= (r1 � c1)c1

1

r1
+ (�c1)(k � c1)

1

r1
+ (�c1)

�
1� k

r1

�
= c1

1

r1
[(r1 � c1)� (k � c1) + k]� c1

= c1 � c1 = 0

as we sought to demonstrate. We have therefore shown that p1 is a best reply
to p2. The same argument, with a reversal of roles between �rm 1 and 2,
proves that p2 is a best reply to p1. As a result, strategy pro�le (p1; p2) is a
mixed strategy Nash equilibrium.

4. [SPNE]Consider a sequential-move game of complete informationG = fSi; uigi=1;2;:::;N ,
where strategy spaces are discrete for every player i, Si = fsi1; si2; :::; simg.

(a) Existence. Show that there exists at least one SPNE.

� First, note that in �nite games of perfect information G = fSi; uigi=1;2;:::;N ,
the player who moves at each decision node has a �nite number of possible
choice, so optimal actions necessary exist at each stage of the procedure (if a
player is indi¤erent, we can choose any of her optimal actions). What remains
is to show that a strategy pro�le identi�ed in this way, say � = (�1; :::; �I),
is necessarily a Nash equilibrium.

� Proof by Contradiction: Suppose that strategy pro�le � is not a SPNE. Then
there exist a strategy, say b�i for which

ui(b�i; ��i) > ui(�i; ��i) for at least one player i.
We argue that this inequality cannot hold. The proof is inductive. We de�ne
that decision note x has distance n if, among the various paths that continue
from it to the terminal nodes, the maximal number of decision nodes lying
between node x and a terminal node is n 2 N . We let N be the maximum
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distance of any decision node in the game. Since the game is �nite, N must
be a �nite number. De�ne b�i(n) to be the strategy that plays according to
strategy �i at all nodes with distance 0; :::; n; but plays according to strategyb�i at all nodes with distances greater than n.

� By the construction of � through backward induction,

ui(b�i(0); ��i) � ui(b�i; ��i):
That is, player i can do at least as well as she does with strategy b�i by instead
playing the moves speci�ed in strategy �i at all nodes with distance 0 (i.e.,
at the �nal decision nodes in the game) and following strategy b�i elsewhere.

� We now argue that if

ui(b�i(n� 1); ��i) � ui(b�i; ��i);
then ui(b�i(n); ��i) � ui(b�i; ��i). This is straightforward. The only di¤erence
between b�i(n) and b�i(n�1) is in player i�s moves at nodes with distance n. In
both strategies, player i plays according to �i at all decision nodes that follow
the distance-n nodes and in accordance with strategy b�i before them. But
given that all players are playing in accordance with strategy pro�le � after
the distance-n nodes, the moves derived for the distance-n decision nodes
through backward induction, must be optimal choices for player i at these
nodes. Hence,

ui(b�i(n); ��i) � ui(b�i(n� 1); ��i) � ui(b�i; ��i):
Applying induction, we can repeat the process and have ui(b�i(N); ��i) �
ui(b�i; ��i). Since �i(N) = �i, this inequality entails

ui(�i; ��i) � ui(b�i; ��i)
giving us the desired contradiction. Hence, strategy pro�le � is a SPNE.

(b) Uniqueness. In addition, demonstrate that the SPNE is unique if every player
has a unique optimal strategy in each subgame.

� To proof uniqueness, note that if every player has a unique optimal strategy
in each subgame, then the optimal actions much be unique at every stage of
the procedure. In this case, we can obtain a unique strategy pro�le for the
game by backward induction.

5. [Finding NE and SPNE] Consider the game represented in the next �gure and
determine all the following equilibria, both in pure and mixed strategies: (i) Nash, and
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(ii) Subgame Perfect.

� The only proper subgame of this game is the game itself. We can represent the
normal form as follows

2

1

a b
A �1; 1 1; 0
B 4; 0 �4; 1
C 2; 0 2; 0

Note that strategy A is strictly dominated by strategy C for player 1. Thus, we
can delete this strategy and our reduced form game becomes

2

1

a b
B 4; 0 �4;1
C 2;0 2;0

There is only one pure strategy Nash Equilibrium of this game, (C; b), and thus,
it is also subgame perfect. That is, in this game the set of NE coincides with the
set of SPNE.

� Regarding mixed strategies, let p denote the probability of player 1 choosing B,
and q denote the probability of player 2 choosing a. The mixed strategies are
solved as follows:

EU1(B) = EU1(C)

4q + (�4)(1� q) = 2q + 2(1� q)

8q � 4 = 2 =) q =
3

4
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EU2(a) = EU2(b)

0p+ 0(1� p) = 1p+ p(1� p)
p = 0

While normally, this would be su¢ cient for a solution, since p = 0, player 1 is
playing a pure strategy in this mixed equilibrium, thus, there exist more values
for q that satisfy the msNE de�nition. We know that BR1(b) = C, which is the
same as player 1�s mixed strategy in this case. Thus, when player 1 believes that
b will be played more often, he will stick with strategy C. Thus, and q � 3

4
is also

a msNE.

9


