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EconS 503 – Midterm Exam #1 
Answer key 

 
 

 
Exercise #1 – The Traveler’s Dilemma 
 
Consider the following game, often referred to as the “traveler’s dilemma.” An airline loses two 
identical suitcases that belong to two different travelers. The airline is liable for up to $100 per 
suitcase. The airline manager, in order to obtain an honest estimate of each suitcase, separates 
each traveler 𝑖𝑖 in a different room and proposes the following game: “Please write an integer 
𝑥𝑥𝑖𝑖 ∈ [2,100] in this piece of paper. As a manager, I will use the following reimbursement rule: 

• If both of you write the same estimate, 𝑥𝑥1 = 𝑥𝑥2 = 𝑥𝑥, each traveler gets 𝑥𝑥. 
• If one of you writes a larger estimate, i.e., 𝑥𝑥𝑖𝑖 > 𝑥𝑥𝑗𝑗  for 𝑖𝑖 ≠ 𝑗𝑗 = 1,2, then the traveler who 

wrote the lowest estimate (traveler 𝑗𝑗) receives 𝑥𝑥𝑗𝑗 + 𝑘𝑘, where 𝑘𝑘 > 1; while the traveler 
who wrote the largest estimate (traveler 𝑖𝑖) only receives max{0, 𝑥𝑥𝑗𝑗 − 𝑘𝑘}.” 

 
a) Show that asymmetric strategy profiles, in which travelers submit different estimates, cannot 

be sustained as Nash equilibria. 
b) Show that symmetric strategy profiles, in which both travelers submit the same estimate, and 

such estimate is strictly larger than 2, cannot be sustained as Nash equilibria. 
c) Show that the symmetric strategy profile in which both travelers submit the same estimate 

(𝑥𝑥1, 𝑥𝑥2) = (2,2) is the unique pure strategy Nash equilibrium. 
d) [Bonus part, Not included on the exam] Does the above result still hold when the traveler 

writing the largest amount receives 𝑥𝑥𝑗𝑗 − 𝑘𝑘 rather than max{0, 𝑥𝑥𝑗𝑗 − 𝑘𝑘}? Intuitively, since 
𝑘𝑘 > 1 by definition, a traveler can now receive a negative payoff if he submits the lowest 
estimate and 𝑥𝑥𝑗𝑗 < 𝑘𝑘. 

 
Answer: 
a) We first show that asymmetric strategy profiles, (𝑥𝑥1, 𝑥𝑥2) with 𝑥𝑥1 ≠ 𝑥𝑥2, cannot be sustained 

as a Nash equilibrium. Consider, without loss of generality, that player 1 submits a higher 
estimate than player 2, 𝑥𝑥1 > 𝑥𝑥2. In this setting, it is easy to see that player 1 has incentives to 
deviate: he now obtains a payoff of max{0, 𝑥𝑥2 − 𝑘𝑘}, and he could increase his payoff by 
submitting an estimate that matches that of player 2, i.e., 𝑥𝑥1 = 𝑥𝑥2, which guarantees him a 
payoff of 𝑥𝑥2 (as now the estimates from both travelers coincide), where 

max{0, 𝑥𝑥2 − 𝑘𝑘} < 𝑥𝑥2 for all 𝑥𝑥2 and 𝑘𝑘 > 1. 
 

b) Using a similar argument, we can show that symmetric strategy profiles in which both 
travelers submit the same estimate (but higher than two), i.e., (𝑥𝑥1,𝑥𝑥2), with 𝑥𝑥1 = 𝑥𝑥2 > 2, 
cannot be supported as Nash equilibria either. To see this, note that in such strategy profile 
every player 𝑖𝑖 obtains a payoff 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑗𝑗, but he can increase his payoff by deviating towards a 
lower estimate, i.e., 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑗𝑗 − 1 since estimates must be integer numbers. With such a 
deviation, player  𝑖𝑖’s estimate becomes the lowest, and thus obtains a payoff of  

𝑥𝑥𝑖𝑖 + 𝑘𝑘 = �𝑥𝑥𝑗𝑗 − 1� + 𝑘𝑘,  
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where �𝑥𝑥𝑗𝑗 − 1� + 𝑘𝑘 > 𝑥𝑥𝑗𝑗 since 𝑘𝑘 > 1 by definition. 
 

c) Hence, the only remaining strategy profile is that in which both travelers submit an estimate 
of 2, 𝑥𝑥1 = 𝑥𝑥2 = 2. Let us now check if it can be sustained as a Nash equilibrium, by showing 
that every player 𝑖𝑖 has no profitable deviation. Every traveler 𝑖𝑖 obtains a payoff of 2 under 
the proposed strategy profile. If player 𝑖𝑖 deviates towards a higher price entails that traveler 𝑖𝑖 
would submit the highest estimate, and thus would obtain a payoff of  

max{0, 𝑥𝑥𝑗𝑗 − 𝑘𝑘} = max{0,2 − 𝑘𝑘}, 
where max{0,2 − 𝑘𝑘} < 2 since 𝑘𝑘 > 1 by definition. Submitting a lower estimate is not 
feasible since estimates must satisfy 𝑥𝑥𝑖𝑖 ∈ [2,100] by definition.  

 
Alternative approach: While the above analysis tests whether a specific strategy profile 
can/cannot be sustained as Nash Equilibrium of the game, a more direct approach would identify 
each player’s best response function, and then find the point where player 1’s and 2’s best 
response functions cross each other. For a given estimate from player 𝑗𝑗, 𝑥𝑥𝑗𝑗, if player 𝑖𝑖 writes an 
estimate lower than 𝑥𝑥𝑗𝑗, 𝑥𝑥𝑖𝑖 < 𝑥𝑥𝑗𝑗, player 𝑖𝑖 obtains a payoff of 𝑥𝑥𝑖𝑖 + 𝑘𝑘, which is larger than the 
payoff he obtains from matching player 𝑗𝑗’s estimate, i.e., 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑗𝑗 = 𝑥𝑥, as long as 𝑥𝑥𝑖𝑖 + 𝑘𝑘 > 𝑥𝑥𝑗𝑗 , 
that is, if 𝑘𝑘 > 𝑥𝑥𝑗𝑗 − 𝑥𝑥𝑖𝑖. Intuitively, player 𝑖𝑖 profitably undercuts player 𝑗𝑗’s estimate if xi is not 
extremely lower than 𝑥𝑥𝑗𝑗.1 If, instead, player 𝑖𝑖 writes a larger estimate than player 𝑗𝑗, 𝑥𝑥𝑖𝑖 > 𝑥𝑥𝑗𝑗 , his 
payoff becomes max �0, 𝑥𝑥𝑗𝑗 − 𝑘𝑘�, which is lower than his payoff from matching player 𝑗𝑗’s 
estimate, i.e., 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑗𝑗 = 𝑥𝑥, since max �0, 𝑥𝑥𝑗𝑗 − 𝑘𝑘� < 𝑥𝑥𝑗𝑗 . 
 
In summary, player 𝑖𝑖 does not have incentives to submit a higher estimate than player 𝑗𝑗’s, but 
rather an estimate that is k-units lower than player 𝑗𝑗’s estimate. Hence, player 𝑖𝑖’s best response 
function can be written as 

𝑥𝑥𝑖𝑖�𝑥𝑥𝑗𝑗� = max
 
�2, 𝑥𝑥𝑗𝑗 − 𝑘𝑘� 

since the estimate that he writes must lie on the interval [2,100]. This best response function is 
depicted in the figure below. Specifically, player i’s best response function originates at 𝑥𝑥𝑖𝑖 = 2 
when player 𝑗𝑗 submits 𝑥𝑥𝑗𝑗 = 2, remains at 𝑥𝑥𝑖𝑖 = 2 when 𝑥𝑥𝑗𝑗=3 (since 𝑘𝑘 > 1 entails that 3 − 𝑘𝑘 < 2), 
and becomes 𝑥𝑥𝑖𝑖 = max {2,4 − 𝑘𝑘} when 𝑥𝑥𝑗𝑗=4, thus increasing in 𝑥𝑥𝑗𝑗. For instance, if 𝑘𝑘 = 2, player 
𝑖𝑖’s best response function is 𝑥𝑥𝑖𝑖=2 for player 𝑗𝑗’s estimate is 𝑥𝑥𝑗𝑗=2, 3, 4, but increases to 𝑥𝑥𝑖𝑖=3 when 
player 𝑗𝑗’s estimate is 𝑥𝑥𝑗𝑗=5, and generally becomes 𝑥𝑥𝑖𝑖�𝑥𝑥𝑗𝑗� = 𝑥𝑥𝑗𝑗 − 2 for all 𝑥𝑥𝑗𝑗 > 4. Graphically, 
this function has a flat segment for low values of 𝑥𝑥𝑗𝑗, but then increases in 𝑥𝑥𝑗𝑗 in a straight line 
located 𝑘𝑘-units below the 45-degree line. A similar argument applies to player 𝑗𝑗’s best response 
function. Hence, player 1’s and 2’s best response functions only cross at 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑗𝑗 = 2. 

                                                      
1 For instance, if 𝑥𝑥𝑗𝑗 = 5 and 𝑘𝑘=2, then player 𝑖𝑖 has incentives to write an estimate of 𝑥𝑥𝑖𝑖 = 5 − 2 = 3, but not lower 
than 3 since his payoff, 𝑥𝑥𝑖𝑖 + 𝑘𝑘, is increasing in his own estimate 𝑥𝑥𝑖𝑖. 
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Figure 1. Traveler’s dilemma, Best response functions 
 
 
d) [Bonus part, Not included on the exam] Our above argument did not rely on the property 

of positive payoffs for the traveler submitting the highest estimate. Hence, all the previous 
proof applies to this reimbursement rule as well, implying that 𝑥𝑥1 = 𝑥𝑥2 = 2 is the unique 
pure strategy Nash equilibrium of the game.  

 
 
 

Exercise #2 – Bargaining between a labor union and a firm 
 
Consider the following bargaining game between a labor union and a firm. In the first stage, the 
labor union chooses the wage level, w, that all workers will receive. In the second stage, the firm 
responds to the wage w by choosing the number of workers it hires, ℎ ∈ [0,1]. The labor union’s 
payoff function is 𝑢𝑢𝐿𝐿(𝑤𝑤, ℎ) = 𝑤𝑤 ∙ ℎ, thus being increasing in wages and in the number of 
workers hired. The firm’s profit is: 
 

𝜋𝜋(𝑤𝑤,ℎ) = �ℎ −
ℎ2

2
� − 𝑤𝑤ℎ 

 
Intuitively, revenue is increasing in the number of workers hired, h, but at a decreasing rate (i.e., 
ℎ − ℎ2

2
 is concave in h), reaching a maximum when the firm hires all workers, i.e., ℎ = 1 where 

𝑅𝑅(1) = 1
2
. 
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(a) Applying backward induction, analyze the optimal strategy of the last mover (firm). Find the 
firm’s best response, ℎ(𝑤𝑤).  
 
Answer 
 
The firm solves the following profit maximization problem: 
 

max
ℎ∈[0,1]

   �ℎ −
ℎ2

2
� − 𝑤𝑤ℎ 

 
Taking the first-order conditions with respect to ℎ, we obtain: 
 

1 − ℎ − 𝑤𝑤 ≤ 0 
 
Solving for ℎ, yields a best response function of: 
 

ℎ(𝑤𝑤) = 1 −𝑤𝑤 
 
Intuitively, the firm hires all workers when the wage is zero, i.e., ℎ(0) = 1, but hires no workers 
when 𝑤𝑤 = 1 since ℎ(1) = 0.  
[Note that the above best response function ℎ(𝑤𝑤) defines a maximum since second-order 
conditions yield 𝜕𝜕

2𝜋𝜋(𝑤𝑤,ℎ)
𝜕𝜕ℎ2

= −1, this guaranteeing concavity in the profit function.] 
 
 
(b) Let us now move on to the first mover in the game (labor union). Anticipating the best 
response function of the firm that you found in part (a), ℎ(𝑤𝑤), determine the labor union’s 
optimal wage, 𝑤𝑤∗. 
 
Answer  
 
The labor union solves: 

max
𝑤𝑤≥0

  𝑢𝑢𝐿𝐿(𝑤𝑤,ℎ) = 𝑤𝑤 ∙ ℎ 
subject to ℎ(𝑤𝑤) = 1 − 𝑤𝑤 

 
The constraint reflects the fact that the labor union anticipates the subsequent hiring strategy of 
the firm as described by the firm’s best response function. We can express this problem more 
compactly by inserting the (equality) constraint into the objective function, as follows:  
 

max
𝑤𝑤≥0

   𝑢𝑢𝐿𝐿(𝑤𝑤(ℎ),ℎ) = 𝑤𝑤(1 − 𝑤𝑤) = 𝑤𝑤 − 𝑤𝑤2 
 
Taking first-order conditions with respect to w yields: 
 

1 − 2𝑤𝑤 ≤ 0 
and, solving for w, we obtain an optimal wage of 𝑤𝑤∗ = 1

2
. Hence, the SPNE of the game is: 
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{𝑤𝑤∗,ℎ(𝑤𝑤)} = �
1
2

, 1 − 𝑤𝑤� 
 
and, in equilibrium, salary 𝑤𝑤∗ = 1

2
 is responded with ℎ �1

2
� = 1 − 1

2
= 1

2
 workers hired, i.e., half 

of workers are hired. In addition, equilibrium payoffs become 
 

𝑢𝑢𝐿𝐿∗ = 1
2
∙ 1
2

= 1
4
   for the labor union 

𝜋𝜋∗ = �1
2
−

�12�
2

2
� − 1

2
∙ 1
2

= 1
8
 for the firm 

 
 
 



EconS 503 - Advanced Microeconomics - II
Midterm Exam #1 - Answer key

3. [Fixed costs with collusion, Bernheim and Whinston (1990)1] Assume that we
have two �rms and inverse demand is given by p(Q) = 1�Q , where Q = q1 + q2, and
the cost function is given by: C(q) = cq + F if q > 0 and 0 otherwise. This market
game is repeated in�nite times.

(a) Obtain the discount factor that sustains the collusive outcome when competing
à la Bertrand: both �rms set the monopoly price and share equally demand.
Assume that �rms use "grim trigger strategies."

� First, since we are competing in prices, we can rewrite our inverse demand
function as a demand function D(p) = 1 � p. To determine the monopoly
price and quantity, we must solve

max
p

p(1� p)� [c(1� p) + F ]

with �rst-order condition
1� 2p+ c = 0

Solving this expression for p gives our equilibrium monopoly price

p =
1 + c

2

and plugging this expression back into our demand function gives our equi-
librium monopoly quantity

Q = 1� p = 1� c
2

with equilibrium monopoly pro�ts

�m = pQ� [cQ+ F ] = (1� c)2
4

� F

Note that if both �rms were to split the monopoly pro�ts, they would each
receive �Coop = (1�c)2

8
� F since they both must pay the �xed cost.

� The optimal deviation in this case would be to set pDev = p�", and capture all
of the monopoly pro�ts. This would trigger a Nash Reversion Strategy (NRS)
in which both �rms behave as in the Nash Equilibrium of the unrepeated
version of the game for all subsequent periods, i.e., charging a price equal to
marginal cost p = c since they compete a la Bertrand. This would lead to
pro�ts of 0 � F = �F for each �rm for the foreseeable future. In this case,

1Bernheim, D., Whinston, M. (1990) "Multimarket contact and collusive behavior," Rand Journal of
Economics 21, pp. 1�26.
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�rms would have incentives to stop producing, and get 0 pro�ts in all future
periods (rather than �F ).2 Therefore, to sustain cooperation, we must have

1

1� ��
Coop > �m +

�

1� � � 0

() 1

1� �

�
(1� c)2
8

� F
�
>
(1� c)2
4

� F + �

1� � � 0

Solving this expression for �, yields a minimal discount factor of

� >
(1� c)2

2(1� c)2 � 8F � �

(b) Comparative statics of the minimal discount factor �.

� If F = 0, we obtain the well-known result (� > � = 1
2
). However, as �xed

costs increase the minimal discount factor � increases, implying that collusion
becomes harder to sustain. That is, the range of discount factors supporting
cooperation, i.e., � 2 (0; �), shrinks since, as F increases, cuto¤ � increases.
The following �gure depicts the minimal discount factor �� required to sustain
collusion as a function of F when c = 3, i.e., � = 4

8�8F :

F

1

0 ½

δ

8		8F
4δ	=

½

2If �rms cannot choose their output levels, but their prices, then �rms can stop their production by
setting a extremelly high price that, essentially, brings no sales.
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